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Polar to Rectangular Coordinates:

x = r Ccosf, y = rsiné. (1)

If r=0 and 6 € R the described point P(z,y) is the origin (0,0).
If any other point P(x,vy) is described by polar coordinates (r,6)
or (v',0") then these coordinates are related by

rcosd =r'cos® and rsind=r'sin@’

or equivalently

r! r and 8 =0+ (2n)w, n€Z

v = —r and =04+ C2n+ 1w, neZ.



Rectangular to Polar Coordinates:
For a point P(xz,y) different from the origin a polar coordinate
description is given by

r=ya? 442 0=tan"1? ifm#Oorezcot_lg if y#0. (2)



Symmetry: Reflection in xz-axis

(z,y) — (z,—y)

=
(rcos(@),rsin(8)) — (rcos(8),—rsin(0))

= (rcos(—60),rsin(—0))
= (—rcos(m—0),—rsin(xt —0))
=

(r,0) — (r,—0)
or

(r,0) — (—r,m—20).



Symmetry: Reflection in y-axis

(z,y) — (—z,y)

=
(rcos(@),rsin(8)) ~— (—rcos(8),rsin(0))

= (rcos(m—0),rsin(m—0))
= (—rcos(—6),—rsin(—-0))
=3

(r,0) — (r,m—0)
or

(r,0) — (—7r, —0).



Symmetry: Reflection in origin:

(ZB, y) = (_377 _y)

&
(rcos(0),rsin()) +— (—rcos(8),—rsin(f))

= (rcos(@+m),rsin(0 + x))
&

(r,0) — (—70)
or

(r,0) — (r,04+m).



Slope of the Curve r = f(0):
Given a function r = f(0) the equations

x = f(0)cosh and y = f(0)sinb (3)

provide a parameterized description of a curve in the (x,y)-plane.

Assuming f/(0) cos8 — f(0)sind £ 0, the slope of the tangent to
this parameterized curve can be computed by

dy % #(0)sin0+ £(0)coso

de 492 f/(#)cos® — f(6)sinh

do
When f(0) = 0 the slope equals g—z = tan®, while f(#) = O
implies g—g — —cotf, so that in that case the tangent is perpen-

dicular to the ray from the origin to the point P(z,y) .



Area in the Plane:
The area described by the conditions
a<0<p3 0<r<if(0)is given by

_ [Pl 2
A= /a S(f(0)? a0,

The area described by the conditions
a<0<pB, 0< f1(0) <r < fa(0) is given by

A= 72 (120002~ (1(0)?) do.

(4)

(5)



Length of a Polar Curve:
Assuming that » = f(0) is continuously differentiable for

a < 0 < B and that the point P,,,,(r,0) traces the graph exactly
once, the length of the curve is given as follows

dr = (f’(e) cosf — £(8) sin 9) do
dy = (f’(e) sin® + f(0) cos 9) do
ds? = da® +dy? = (f2(0) + [2(9)) db?

soO that

L=/d8=/j\/f’2(9)+f2(9)d9- (6)



Area of Surface of Revolution of a Polar Curve

Assuming that » = f(0) is continuously differentiable for

a < 0 < B and that the point P,,,,(r,0) traces the graph exactly
once, the areas of the surfaces generated by revolving the curve
around the z- and y-axes is given as follows

r-axis: S

/j 2 f(0)sin6y/ £2(0) + £2(0)do  (7)
/| "o f(6) coso\/F20) + 12@)d0 (8)

y-axis: S



Polar Equations for Lines:

If the perpendicular to a line L from the origin meets the line
at the point P,,,,(rg,00), where rg > 0 then the general point
Pyolar(r,8) of the line L satisfies the equation

rcos(f0 — 0p) =rg. (9)

Polar Equations for Circles:
The general point P, (r,0) of the circle with center P, (70, 00)
and radius a > 0 satisfies the equation

o> = r’+ 7“8 — 2rrgcos(f — 6p) . (10)



Ellipses, Parabolas, and Hyperbolas:

Using the eccentricity e > 0 in the focus-directrix definition of
the conic sections, where the focus F' is assumed at the origin
and the directrix D is described by *x = k for some k£ > 0, one
finds the polar equations

PF = ePD
r = elk—x)
= e(k—rcosf)
r(14+ecosf) = ek so that, finally
k
r o= ¢ (11)

14+ ecosb



Standard Ellipse:

An ellipse (not a circle) has an eccentricity e with 0 <e < 1.
According to Figure 10.19 a translation in the z-direction by —c
verifies that k = ¢ — ¢ so that ek = a — ec = (1 — €2> a and

(1 — 62) a
r = . (12)
1+ ecosét




Standard Parabola:

A parabola has eccentricity e= 1.

It is seen that £k = 2p > 0 so that the equation for the parabola
opening up to the left and with axis equal to the z-axis is

2
r=—* (13)
1+ coso




Standard Hyperbola:

A hyperbola has an eccentricity e with e > 1.

According to Figure 10.20 a translation in the z-direction by c
verifies that k =c— % so that ek =ec—a = (62 — 1) a and

<€2 B 1) 4 1/ 1
r = , with |0] < cos™ (——) : (14)
1+ ecosd €



