Chapter 4

(© Rolf Adlercreutz/Alamy)

The force applied to this wrench will produce rotation or a tendency for
rotation. This effect is called a moment, and in this chapter we will study how
to determine the moment of a system of forces and calculate their resultants.



Force System
Resultants

CHAPTER OBJECTIVES

m To discuss the concept of the moment of a force and show how
to calculate it in two and three dimensions.

m To provide a method for finding the moment of a force about a
specified axis.

m To define the moment of a couple.

m To show how to find the resultant effect of a nonconcurrent
force system.

m To indicate how to reduce a simple distributed loading to a
resultant force acting at a specified location.

4.1 Moment of a Force—
Scalar Formulation

When a force is applied to a body it will produce a tendency for the body
to rotate about a point that is not on the line of action of the force. This
tendency to rotate is sometimes called a torque, but most often it is called
the moment of a force or simply the moment. For example, consider a
wrench used to unscrew the bolt in Fig. 4-1a. If a force is applied to
the handle of the wrench it will tend to turn the bolt about point O (or
the z axis). The magnitude of the moment is directly proportional to the
magnitude of F and the perpendicular distance or moment arm d. The
larger the force or the longer the moment arm, the greater the moment
or turning effect. Note that if the force F is applied at an angle 6 # 90°,
Fig. 4-1b, then it will be more difficult to turn the bolt since the moment
arm d’' = d sinf will be smaller than 4. If F is applied along the wrench,
Fig. 4-1c, its moment arm will be zero since the line of action of F will
intersect point O (the z axis). As a result, the moment of F about O is also
zero and no turning can occur.

Fig. 4-1
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Moment axis

(a) Sense of rotation

(b)
Fig. 4-2

Fig. 4-3

We can generalize the above discussion and consider the force F and
point O which lie in the shaded plane as shown in Fig. 4-2a4. The moment
M,, about point O, or about an axis passing through O and perpendicular
to the plane, is a vector quantity since it has a specified magnitude and
direction.

Magnitude. The magnitude of M, is

MO = Fd (4—1)

where d is the moment arm or perpendicular distance from the axis at
point O to the line of action of the force. Units of moment magnitude
consist of force times distance, e.g., N-m or 1b - ft.

Direction. The direction of My, is defined by its moment axis, which
is perpendicular to the plane that contains the force F and its moment
arm d. The right-hand rule is used to establish the sense of direction of
M,. According to this rule, the natural curl of the fingers of the right
hand, as they are drawn towards the palm, represent the rotation, or if no
movement is possible, there is a tendency for rotation caused by the
moment. As this action is performed, the thumb of the right hand will
give the directional sense of My, Fig. 4-2a. Notice that the moment vector
is represented three-dimensionally by a curl around an arrow. In two
dimensions this vector is represented only by the curl as in Fig. 4-2b.
Since in this case the moment will tend to cause a counterclockwise
rotation, the moment vector is actually directed out of the page.

Resultant Moment. For two-dimensional problems, where all the
forces lie within the x—y plane, Fig. 4-3, the resultant moment (M),
about point O (the z axis) can be determined by finding the algebraic sum
of the moments caused by all the forces in the system. As a convention,
we will generally consider positive moments as counterclockwise since
they are directed along the positive z axis (out of the page). Clockwise
moments will be negative. Doing this, the directional sense of each
moment can be represented by a plus or minus sign. Using this sign
convention, with a symbolic curl to define the positive direction, the
resultant moment in Fig. 4-3 is therefore

C+My), = 3Fd;  (Mp), = Fid, — Fydy + Fd;

If the numerical result of this sum is a positive scalar, (Mg), will be a
counterclockwise moment (out of the page); and if the result is negative,
(Mg), will be a clockwise moment (into the page).
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oxavpLe o

For each case illustrated in Fig. 44, determine the moment of the
force about point O.

SOLUTION (SCALAR ANALYSIS)

The line of action of each force is extended as a dashed line in order to
establish the moment arm d. Also illustrated is the tendency of
rotation of the member as caused by the force. Furthermore, the orbit
of the force about O is shown as a colored curl. Thus,

100 N
Fig. 4-4a Mo = (100 N)(2m) = 200 N*m D Ans.
Fig. 4-4b M, = (50N)(0.75m) = 37.5N-m)) Ans. \ l
Fig. 4-4c M, = (401b)(4 ft + 2 cos 30° ft) = 2291b - ft D Ans. @] 7—
Fig.4-4d My = (60 Ib)(1 sin 45° ft) = 42.41b - ft D Ans. | - ‘
Fig. 4-4e My=7kN)4m — 1m) =21.0kN'-m D Ans. (a)
A
2 ft
A (/l
0 Fr— 730°Y40 10
4 = |
| 41t | 1
50N 2 cos 30° ft
(c)
i
1m
«——7kN

| 3ft i

:

1 sin 45° ft

1

60 1b

45°

(e)
Fig. 4-4
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EXAMPLE | 4.2

Determine the resultant moment of the four forces acting on the rod
shown in Fig. 4-5 about point O.

SOLUTION
Assuming that positive moments act in the +k direction, i.e.,
counterclockwise, we have

C + (Mp), = 3Fd;
(Mg), = =50 N(2 m) + 60 N(0) + 20 N(3 sin 30° m)
—40 N4 m + 3 cos 30°m)
—334N-m = 334N-m) Ans.

(M),

Fig. 4-5 For this calculation, note how the moment-arm distances for the 20-N
and 40-N forces are established from the extended (dashed) lines of
action of each of these forces.

As illustrated by the example problems, the moment of a

force does not always cause a rotation. For example, the force The ability to remove the nail will require the
F tends to rotate the beam clockwise about its support at A moment of Fy about point O to be larger than the
with a moment M, = Fd,. The actual rotation would occur moment of the force Fy about O that is needed to

if the support at B were removed. (© Russell C. Hibbeler) pull the nail out. (© Russell C. Hibbeler)



4.2 Cross Product

The moment of a force will be formulated using Cartesian vectors in the
next section. Before doing this, however, it is first necessary to expand our
knowledge of vector algebra and introduce the cross-product method of
vector multiplication, first used by Willard Gibbs in lectures given in the
late 19th century.

The cross product of two vectors A and B yields the vector C, which is
written

C=AXB (4-2)

and is read “C equals A cross B.”

Magnitude. The magnitude of C is defined as the product of the
magnitudes of A and B and the sine of the angle 6 between their tails
(0° = 0 = 180°). Thus, C = AB sin 6.

Direction. Vector C has a direction that is perpendicular to the plane
containing A and B such that C is specified by the right-hand rule; i.e.,
curling the fingers of the right hand from vector A (cross) to vector B,
the thumb points in the direction of C, as shown in Fig. 4-6.

Knowing both the magnitude and direction of C, we can write

C=A X B = (ABsin 0)u, (4-3)

where the scalar A B sin defines the magnitude of C and the unit vector
u- defines the direction of C. The terms of Eq. 4-3 are illustrated
graphically in Fig. 4-6.

C=AXB

Fig. 4-6

4.2 CRrOSS PrRODUCT
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Fig. 4-7

Fig. 4-8

Laws of Operation.

e The commutative law is not valid;i.e., A X B # B X A. Rather,
AXB=-BXA

This is shown in Fig. 4-7 by using the right-hand rule. The cross
product B X A yields a vector that has the same magnitude but acts
in the opposite direction to C;i.e.,B X A = —C.

e If the cross product is multiplied by a scalar a, it obeys the associa-
tive law;

aA X B) = (@A) X B = A X (aB) = (A X B)a

This property is easily shown since the magnitude of the resultant
vector (|a|AB sin 6) and its direction are the same in each case.

e The vector cross product also obeys the distributive law of addition,
AXB+D)=(AXB)+ (AXD)

e The proof of this identity is left as an exercise (see Prob. 4-1). It is
important to note that proper order of the cross products must be
maintained, since they are not commutative.

Cartesian Vector Formulation. Equation 4-3 may be used
to find the cross product of any pair of Cartesian unit vectors. For
example, to find i X j, the magnitude of the resultant vector is
@ (H(sin 90°) = (1)(1)(1) = 1, and its direction is determined using the
right-hand rule. As shown in Fig. 4-8, the resultant vector points in the
+k direction. Thus,i X j = (1)k. In a similar manner,

ixXj=k ixk=—j ixi=0
jXk=i jXi=-k jxXj=0
kXi=j kXj=—-i kxk=0

These results should not be memorized; rather, it should be clearly
understood how each is obtained by using the right-hand rule and the
definition of the cross product. A simple scheme shown in Fig. 4-9 is
helpful for obtaining the same results when the need arises. If the circle
is constructed as shown, then “crossing” two unit vectors in a
counterclockwise fashion around the circle yields the positive third unit
vector; e.g., k X i = j. “Crossing” clockwise, a negative unit vector is
obtained;e.g.,i X k = —j.



Let us now consider the cross product of two general vectors A and B
which are expressed in Cartesian vector form. We have

AXB=@A,i+A,j+AKk X(@B,+ B,j+ Bk
= AB(i X i)+ AB@i X}j) +AB. (i XKk
+ AyB,(j Xi) + AB,(j X j) + A\B.(j X K)
+ AB.(k X i)+ ABykXj +AB/(kXKk)
Carrying out the cross-product operations and combining terms yields
AXB=(@AB,—AB)i—(AB,—AB)j+ A,B,—AB)k (4-4)

This equation may also be written in a more compact determinant
form as

i j k
AXB= A, A, A, (4-5)
B, B, B.

Thus, to find the cross product of any two Cartesian vectors A and B, it is
necessary to expand a determinant whose first row of elements consists
of the unit vectors i, j, and k and whose second and third rows represent
the x, y, z components of the two vectors A and B, respectively.*

*A determinant having three rows and three columns can be expanded using three
minors, each of which is multiplied by one of the three terms in the first row. There are
four elements in each minor, for example,

1 12
1

By definition, this determinant notation represents the terms (A ;A» — A,A,;), which is
simply the product of the two elements intersected by the arrow slanting downward to the
right (A,A5,) minus the product of the two elements intersected by the arrow slanting
downward to the left (A ,A,;). For a 3 X 3 determinant, such as Eq. 4-5, the three minors
can be generated in accordance with the following scheme:

; = i(Asz - Asz)
B Z

g Remember the
/ negative sign

—j(AB. — A.B,)

For element i:

For element j:

For element k: = k(AxBy - AyBx)

Adding the results and noting that the j element must include the minus sign yields the
expanded form of A X B given by Eq. 4-4.

4.2

CROSS PRODUCT

127
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Moment axis

(a)

Moment axis

Line of action

Fig. 4-11

4.3 Moment of a Force—Vector
Formulation

The moment of a force F about point O, or actually about the moment
axis passing through O and perpendicular to the plane containing O and
F, Fig. 4-10a, can be expressed using the vector cross product, namely,

MO =rXF (4—6)

Here r represents a position vector directed from O to any point on the
line of action of F. We will now show that indeed the moment M,,, when
determined by this cross product, has the proper magnitude and direction.

Magnitude. The magnitude of the cross product is defined from
Eq. 4-3 as M, = rFsin 0, where the angle 6 is measured between the
tails of r and F. To establish this angle, r must be treated as a sliding vector
so that 6 can be constructed properly, Fig. 4-10b. Since the moment arm
d = rsin6, then

Mo = rFsin@ = F(rsin 6) = Fd

which agrees with Eq. 4-1.

Direction. The direction and sense of M, in Eq. 4-6 are determined
by the right-hand rule as it applies to the cross product. Thus, sliding r to
the dashed position and curling the right-hand fingers from r toward F,
“r cross F,” the thumb is directed upward or perpendicular to the plane
containing r and F and this is in the same direction as M), the moment of
the force about point O, Fig. 4-10b. Note that the “curl” of the fingers,
like the curl around the moment vector, indicates the sense of rotation
caused by the force. Since the cross product does not obey the
commutative law, the order of r X F must be maintained to produce the
correct sense of direction for M,,.

Principle of Transmissibility. The cross product operation is
often used in three dimensions since the perpendicular distance or
moment arm from point O to the line of action of the force is not needed.
In other words, we can use any position vector r measured from point O
to any point on the line of action of the force F, Fig. 4-11. Thus,

M0=r1><F=l‘2><F=r3><F
Since F can be applied at any point along its line of action and still create

this same moment about point O, then F can be considered a sliding
vector. This property is called the principle of transmissibility of a force.
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Cartesian Vector Formulation. If we establish x, y, z coordinate  y\joment
axes, then the position vector r and force F can be expressed as Cartesian  axis \
vectors, Fig. 4-12a. Applying Eq. 4-5 we have

k
r, (4-7)
FZ

/

X
where

I Iy, I, represent the x, y, z components of the position
vector drawn from point O to any point on the
line of action of the force

F,, F,, F, represent the x, y, z components of the force vector

If the determinant is expanded, then like Eq. 4-4 we have

My = (WF, — nF)i — (nF, — r,F)j + (nF, — r,Fok (4-8)

MO\
Of

U

(a)

The physical meaning of these three moment components becomes
evident by studying Fig. 4-12b. For example, the i component of M, can
be determined from the moments of F,, F,, and F, about the x axis. The
component F, does not create a moment or tendency to cause turning
about the x axis since this force is parallel to the x axis. The line of
action of F, passes through point B, and so the magnitude of the
moment of F, about point A on the x axis is r.F). By the right-hand rule
this component acts in the negative i direction. Likewise, F, passes
through point C and so it contributes a moment component of r,F.i
about the x axis. Thus, (M), = (n,F, — r.F,) as shown in Eq. 4-8. As an
exercise, establish the j and k components of My, in this manner and
show that indeed the expanded form of the determinant, Eq. 4-8,
represents the moment of F about point O. Once M,, is determined,
realize that it will always be perpendicular to the shaded plane
containing vectors r and F, Fig. 4-12a. F,

Resultant Moment of a System of Forces. Ifabody is acted

about point O can be determined by vector addition of the moment of
each force. This resultant can be written symbolically as

upon by a system of forces, Fig. 4-13, the resultant moment of the forces /

(Mg), = 2(r X F) (4-9)

F;

r

(b)
Fig. 4-12

I3 T

F,

Mg),,

U

129

Fig. 4-13
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(2)

(b)
Fig. 4-14

Determine the moment produced by the force F in Fig. 4-14a about
point O. Express the result as a Cartesian vector.

SOLUTION
As shown in Fig. 4-14b, either r, or rp can be used to determine the
moment about point O. These position vectors are

ry = {12k} m"and°rz; = {4i + 12j} m

Force F expressed as a Cartesian vector is

{4i + 12j — 12k} m
V@ m? + 12m) + (—12m)?

F = Fu,; = 2kN

= {0.4588i + 1.376j — 1.376k} kN

Thus
i i k
My,=1r,XxXF=| 0 0 12
0.4588 1.376 —1.376
= [0(—1.376) — 12(1.376)]i — [0(—1.376) — 12(0.4588)]j
+ [0(1.376) — 0(0.4588)]k
= [—16.5i + 5.51j} kKN-m Ans.
or
i i k
MO = I‘B X F = 4 12 0

0.4588 1376 —1.376

= [12(—1.376) — 0(1.376)]i — [4(—1.376) — 0(0.4588)]j
+ [4(1.376) — 12(0.4588)]k

= (—16.5i + 5.51j} KN-m Ans.

NOTE: As shown in Fig. 4-14b, M, acts perpendicular to the plane
that contains F, r,, and rz. Had this problem been worked using
M, = Fd, notice the difficulty that would arise in obtaining the
moment arm d.
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EXAMPLE | 4.4

Two forces act on the rod shown in Fig. 4-15a. Determine the resultant
moment they create about the flange at O. Express the result as a
Cartesian vector.

F, = {—60i + 40j + 20k} Ib

‘A
o —
2 ft
|
4ft/
5 A Y
A—S5ft——

F, = {80i + 40j — 30k} Ib

(a) (b)
SOLUTION
Position vectors are directed from point O to each force as shown in
Fig. 4-15b. These vectors are
(Mp), = {30i — 40j + 60k} Ib-ft
ry = {5j} ft (/)7 =39.8°
rz = {4i + 5j — 2k} ft

The resultant moment about O is therefore

M), = Z(r X F)
ZrAXF1+rB><F2

i j k i j K

0 5 o+ 1|4 5 =)
—60 40 20 80 40 —30
[5(20) — 0(40)]i — [0]j + [0(40) — (5)(—60)]k
+ [5(=30) = (=2)(@0)]i — [4(=30) — (=2)(80)]j + [4(40) — 5(80)]k
= {30i — 40j + 60k} Ib- ft Ans.

Fig. 4-15

NOTE: This result is shown in Fig. 4-15¢. The coordinate direction
angles were determined from the unit vector for (M), . Realize that
the two forces tend to cause the rod to rotate about the moment axis
in the manner shown by the curl indicated on the moment vector.
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F F,
F,
r
]
Fig. 4-16
F, F
| x =
F,
y
d M,

. 4

Fig. 4-17

The moment of the force about point O is
M, = Fd.Butitis easier to find this moment
using My = F(0) + Fyr = Fyr. (© Russell
C. Hibbeler)

4.4 Principle of Moments

A concept often used in mechanics is the principle of moments, which
is sometimes referred to as Varignon’s theorem since it was orginally
developed by the French mathematician Pierre Varignon (1654-1722).
It states that the moment of a force about a point is equal to the sum of
the moments of the components of the force about the point. This
theorem can be proven easily using the vector cross product since the
cross product obeys the distributive law. For example, consider the
moments of the force F and two of its components about point O,
Fig. 4-16. Since F = F, + F, we have

MOZrXFZrX(F1+F2)=rXF1+r><F2

For two-dimensional problems, Fig. 4-17, we can use the principle of
moments by resolving the force into its rectangular components and
then determine the moment using a scalar analysis. Thus,

Mo = Fyy — Fyx

This method is generally easier than finding the same moment using
M o= Fd.

Important Points

¢ The moment of a force creates the tendency of a body to turn
about an axis passing through a specific point O.

o Using the right-hand rule, the sense of rotation is indicated by the
curl of the fingers, and the thumb is directed along the moment
axis, or line of action of the moment.

¢ The magnitude of the moment is determined from M, = Fd,
where d is called the moment arm, which represents the
perpendicular or shortest distance from point O to the line of
action of the force.

o In three dimensions the vector cross product is used to determine
the moment, i.e., My = r X F. Remember that r is directed from
point O to any point on the line of action of F.
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exavipie Jas

Determine the moment of the force in Fig. 4-18a about point O.

y

—d, =3 cos 30°ma‘
F, = (5kN) cos 45°

d, =3sin30°m

Fy, = (5kN) sin 45°

X

(a) (®)
SOLUTION |
The moment arm d in Fig. 4-18a can be found from trigonometry.
d = (3m) sin 75° = 2.898 m
Thus,
M, = Fd = (5kN)(2.898 m) = 14.5kN -m ) Ans.

Since the force tends to rotate or orbit clockwise about point O, the
moment is directed into the page.

SOLUTION I

The x and y components of the force are indicated in Fig. 4-18b.

Considering counterclockwise moments as positive, and applying the

principle of moments, we have

g+ MO - _dey - Fydx

—(5 cos 45° kN)(3 sin 30° m) — (5 sin 45° kN)(3 cos 30° m)

—145kN*m = 145kN+-m D Ans. F, = (5kN) cos 75¢

SOLUTION III
The x and y axes can be set parallel and perpendicular to the rod’s
axis as shown in Fig. 4-18c. Here F, produces no moment about
point O since its line of action passes through this point. Therefore,
g + MO = _Fy dx
= —(5 sin 75° kN)(3 m) ©
= —145kN-m = 145kN -m) Ans. Fig. 4-18
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y
o)
T X
r 02m
r |
| ——>
_ 400 sin 30° N
——04m —
¥ 400 cos 30° N
(b)
y
0
T X
r l 02m
b
|

Force F acts at the end of the angle bracket in Fig. 4-19a. Determine
the moment of the force about point O.

SOLUTION | (SCALAR ANALYSIS)
The force is resolved into its x and y components, Fig. 4-19b, then
G+ M, = 400 sin 30° N(0.2 m) — 400 cos 30° N(0.4 m)
= —986N-'m = 98.6N-m )

or

M, = {—98.6k} N-m Ans.

SOLUTION II (VECTOR ANALYSIS)
Using a Cartesian vector approach, the force and position vectors,
Fig. 4-19c, are

r= {04i — 02§} m
F = {400 sin 30°i — 400 cos 30°j} N
= {200.0i — 346.4j} N

The moment is therefore

i i k
M,=rxF=|04 -02 0
2000 —3464 0

= 0i — 0j + [0.4(—346.4) — (—0.2)(200.0)]k

= {—98.6k} N-m Ans.

NOTE: It is seen that the scalar analysis (Solution I) provides a more
convenient method for analysis than Solution II since the direction of
the moment and the moment arm for each component force are easy
to establish. Hence, this method is generally recommended for solving
problems displayed in two dimensions, whereas a Cartesian vector
analysis is generally recommended only for solving three-dimensional
problems.
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. PRELIMINARY PROBLEMS

P4-1. In each case, determine the moment of the force P4-2. In each case, set up the determinant to find the
about point O. moment of the force about point P.

z

F = {—3i + 2j + 5k} kN

3m——>"
— — y
2m P
X
(a)
z
~<2m | 2m
[ Tim
X
F = {2i — 4j — 3k} kN
(b)
z
o F={-2i+3j+4 P
| = i+ 3j + 4k} kN
5 3 5m |
100N 3 m
/ém—%l
=
(e) 4m

Prob. P4-1 Prob. P4-2
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. FUNDAMENTAL PROBLEMS

F4-1. Determine the moment of the force about point O. F4-4. Determine the moment of the force about point O.
Neglect the thickness of the member.

100 N S0N

~—100 mma‘ 60°

‘ 45° 200 mm
O,

Prob. F4-1 LlOO mm-—

Prob. F4-4

F4-2. Determine the moment of the force about point O. . .
F4-5. Determine the moment of the force about point O.

600 Ib

0.5

=4

Prob. F4-2

F4-3. Determine the moment of the force about point O. Prob. F4-5

F4-6. Determine the moment of the force about point O.

500 N

45°

Prob. F4-6
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F4-7. Determine the resultant moment produced by the F4-10. Determine the moment of force F about point O.
forces about point O. Express the result as a Cartesian vector.

Prob. F4-10

F4-11. Determine the moment of force F about point O.
Express the result as a Cartesian vector.

Prob. F4-7

F4-8. Determine the resultant moment produced by the
forces about point O.

F=1201b

B
F; =500 N y \F
2 ft
0.125 m 5
‘ i 03m 3 T~y
60°
Prob. F4-11
F, = 600N F4-12. If the two forces F; = {100i — 120j + 75k} Ib and
F, = {—200i + 250j + 100k} Ib act at A, determine the
resultant moment produced by these forces about point O.
Prob. F4-8 Express the result as a Cartesian vector.

F4-9. Determine the resultant moment produced by the
forces about point O.

Fy= 20015 | ot /\

Prob. F4-9 Prob. F4-12
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“leromiews

4-1. If A, B, and D are given vectors, prove the
distributive law for the vector cross product, i.e.,
AX B +D) = (AXB)+ (AXD).

4-2. Prove the triple scalar
A-BXC =(AXB)-C

product  identity

4-3. Given the three nonzero vectors A, B, and C, show
that if A-(B X C) = 0, the three vectors must lie in the
same plane.

*4-4. Determine the moment about point A of each of the
three forces acting on the beam.

4-5. Determine the moment about point B of each of the
three forces acting on the beam.

F,=3751b F, = 5001b
5/ 4
A 3
B |
= 0.5 1t

30°
Fy=1601b

Probs. 4-4/5

4-6. The crowbar is subjected to a vertical force of P = 251b
at the grip, whereas it takes a force of F = 155 Ib at the claw to
pull the nail out. Find the moment of each force about point A
and determine if P is sufficient to pull out the nail. The crowbar
contacts the board at point A.

Prob. 4-6

4-7. Determine the moment of each of the three forces
about point A.

#*4-8. Determine the moment of each of the three forces
about point B.

F=250N 30"‘ F=30N
A o0°
2m | 3m
4m
B4 5
3
Fy=500N

Probs. 4-7/8
4-9. Determine the moment of each force about the bolt
located at A. Take Fy = 401b, F- = 50 Ib.

4-10. If Fz =301b and F. = 451b, determine the
resultant moment about the bolt located at A.

Probs. 4-9/10



4-11. The towline exerts a force of P = 6 kN at the end of
the 8-m-long crane boom. If 6 = 30°, determine the
placement x of the hook at B so that this force creates a
maximum moment about point O. What is this moment?

*4-12. The towline exerts a force of P = 6 kN at the end
of the 8-m-long crane boom. If x = 10 m, determine the
position 6 of the boom so that this force creates a maximum
moment about point O. What is this moment?

Probs. 4-11/12

4-13. The 20-N horizontal force acts on the handle of the
socket wrench. What is the moment of this force about point B.
Specify the coordinate direction angles «, 3, y of the moment
axis.

4-14. The 20-N horizontal force acts on the handle of the
socket wrench. Determine the moment of this force about
point O. Specify the coordinate direction angles «, 3, y of
the moment axis.

Probs. 4-13/14
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4-15. Two men exert forces of F = 801b and P = 50 1b on
the ropes. Determine the moment of each force about A.
Which way will the pole rotate, clockwise or counterclockwise?

*4-16. 1If the man at B exerts a force of P = 30 1b on his
rope, determine the magnitude of the force F the man at C
must exert to prevent the pole from rotating, i.e., so the
resultant moment about A of both forces is zero.

th
|

.

12 ft

hS

Probs. 4-15/16

4-17. The torque wrench ABC is used to measure the
moment or torque applied to a bolt when the bolt is located
at A and a force is applied to the handle at C. The mechanic
reads the torque on the scale at B. If an extension AO of
length d is used on the wrench, determine the required scale
reading if the desired torque on the bolt at O is to be M.

Prob. 4-17
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4-18. 'The tongs are used to grip the ends of the drilling pipe P.
Determine the torque (moment) Mp that the applied force
F = 150 Ib exerts on the pipe about point P as a function of 6.
Plot this moment Mp versus § for0 = 6 = 90°.

4-19. The tongs are used to grip the ends of the drilling
pipe P. If a torque (moment) of Mp = 800 Ib- ft is needed
at P to turn the pipe, determine the cable force F that must
be applied to the tongs. Set § = 30°.

43 in. i
Probs. 4-18/19

#4-20. The handle of the hammer is subjected to the force
of F = 20 Ib. Determine the moment of this force about the
point A.

4-21. In order to pull out the nail at B, the force F exerted
on the handle of the hammer must produce a clockwise
moment of 5001b-in. about point A. Determine the
required magnitude of force F.

Probs. 4-20/21

4-22. Old clocks were constructed using a fusee B to drive
the gears and watch hands. The purpose of the fusee is to
increase the leverage developed by the mainspring A as it
uncoils and thereby loses some of its tension. The
mainspring can develop a torque (moment) 7y = k6, where
k = 0.015 N-m/rad is the torsional stiffness and 6 is the
angle of twist of the spring in radians. If the torque T
developed by the fusee is to remain constant as the
mainspring winds down, and x = 10 mm when 6 = 4 rad,
determine the required radius of the fusee when 6 = 3 rad.

Prob. 4-22

4-23. The tower crane is used to hoist the 2-Mg load upward
at constant velocity. The 1.5-Mg jib BD, 0.5-Mg jib BC, and
6-Mg counterweight C have centers of mass at Gy, G,, and Gj,
respectively. Determine the resultant moment produced by
the load and the weights of the tower crane jibs about point A
and about point B.

*4-24. The tower crane is used to hoist a 2-Mg load upward
at constant velocity. The 1.5-Mg jib BD and 0.5-Mg jib BC
have centers of mass at G, and G,, respectively. Determine
the required mass of the counterweight C so that the resultant
moment produced by the load and the weight of the tower
crane jibs about point A is zero. The center of mass for the
counterweight is located at Gs.

F—m% 9.5m

G2 B D
c A

Gy =15m— 8 125m L]

=

Probs. 4-23/24



4-25. If the 1500-1b boom AB, the 200-1b cage BCD, and
the 175-1b man have centers of gravity located at points G,
G,, and Gj, respectively, determine the resultant moment
produced by each weight about point A.

4-26. If the 1500-Ib boom AB, the 200-1b cage BCD, and
the 175-1b man have centers of gravity located at points G,
G», and Gj, respectively, determine the resultant moment
produced by all the weights about point A.

Probs. 4-25/26

4-27. Determine the moment of the force F about point O.
Express the result as a Cartesian vector.

*4-28. Determine the moment of the force F about point P.
Express the result as a Cartesian vector.

F = |-6i+4j+ 8k} kN

A
e 4m-—
P
T |
6m 3m
\ 2 1m l Y
=

X

Probs. 4-27/28
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4-29. The force F = {400i — 100j — 700k} Ib acts at the
end of the beam. Determine the moment of this force about
point O.

4-30. The force F = {400i — 100j — 700k} 1b acts at the
end of the beam. Determine the moment of this force about
point A.

Probs. 4-29/30

4-31. Determine the moment of the force F about point P.
Express the result as a Cartesian vector.

TI
T
S
< y
3m o) /
3m
-
Aot
X
F = [2i + 4j — 6k} kN
Prob. 4-31
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#*4-32. The pipe assembly is subjected to the force of
F = {600i + 800j — 500k} N. Determine the moment of
this force about point A.

4-33. The pipe assembly is subjected to the force of
F = {600i + 800j — 500k} N. Determine the moment of
this force about point B.

Probs. 4-32/33

4-34. Determine the moment of the force of F = 600 N
about point A.

4-35. Determine the smallest force F that must be applied
along the rope in order to cause the curved rod, which has a
radius of 4 m, to fail at the support A. This requires a
moment of M = 1500 N - m to be developed at A.

Z

g
B 4527 | 4m
. 4m
\ *F
6m
\ c
O

Probs. 4-34/35

*4-36. Determine the coordinate direction angles «, 3, y
of force F, so that the moment of F about O is zero.

4-37. Determine the moment of force F about point O.
The force has a magnitude of 800 N and coordinate direction
angles of @ = 60°, B = 120°, y = 45°. Express the result as
a Cartesian vector.

Probs. 4-36/37

4-38. Determine the moment of the force F about the
door hinge at A. Express the result as a Cartesian vector.

4-39. Determine the moment of the force F about the
door hinge at B. Express the result as a Cartesian vector.

Probs. 4-38/39



#4-40. The curved rod has a radius of 5 ft. If a force of
60 1b acts at its end as shown, determine the moment of this
force about point C.

4-41. Determine the smallest force F that must be applied
along the rope in order to cause the curved rod, which has a
radius of 5 ft, to fail at the support C.This requires a moment
of M = 80 1b-ft to be developed at C.

o

5 ft \60; A
5ft

¢ y
60 1b /

6 fif
B /

7 ft o

Probs. 4-40/41

4-42. A 20-N horizontal force is applied perpendicular to
the handle of the socket wrench. Determine the magnitude
and the coordinate direction angles of the moment created
by this force about point O.

Prob. 4-42
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4-43. The pipe assembly is subjected to the 80-N force.
Determine the moment of this force about point A.

*4-44. The pipe assembly is subjected to the 80-N force.
Determine the moment of this force about point B.

Probs. 4-43/44

4-45. A force of F = {6i — 2j + 1k} kN produces a
moment of My = {4i + 5j — 14k} kN - m about the origin,
point O. If the force acts at a point having an x coordinate
of x = 1 m, determine the y and z coordinates. Note: The
figure shows F and My, in an arbitrary position.

4-46. The force F = {6i + 8j + 10k} N creates a moment
about point O of My = {—14i + 8 + 2k} N-m. If the
force passes through a point having an x coordinate of 1 m,
determine the y and z coordinates of the point. Also,
realizing that M, = Fd, determine the perpendicular
distance d from point O to the line of action of F. Note: The
figure shows F and My, in an arbitrary position.

-~
Z -
/F
P
7
-~
M, -7
\9 d <
) y
1m
y

Probs. 4-45/46
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4-47. A force F having a magnitude of F = 100N acts
along the diagonal of the parallelepiped. Determine the
moment of F about the point A, using My = rz X F and
M, =rc X F.

200 mm
by
400 mm
B Ip
% 600 mm —— A4
F X
Prob. 4-47

#*4-48. Force F acts perpendicular to the inclined plane.
Determine the moment produced by F about point A.
Express the result as a Cartesian vector.

4-49. Force F acts perpendicular to the inclined plane.
Determine the moment produced by F about point B.

Express the result as a Cartesian vector.

Probs. 4-48/49

4-50. Strut AB of the 1-m-diameter hatch door exerts a
force of 450 N on point B. Determine the moment of this
force about point O.

Prob. 4-50

4-51. Using a ring collar, the 75-N force can act in the
vertical plane at various angles 6. Determine the magnitude
of the moment it produces about point A, plot the result of M
(ordinate) versus 6 (abscissa) for 0° = # = 180°, and specify
the angles that give the maximum and minimum moment.

Prob. 4-51
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4.5 Moment of a Force about a
Specified Axis

Sometimes, the moment produced by a force about a specified axis must
be determined. For example, suppose the lug nut at O on the car tire in
Fig. 4-20a needs to be loosened. The force applied to the wrench will
create a tendency for the wrench and the nut to rotate about the moment
axis passing through O; however, the nut can only rotate about the y axis.
Therefore, to determine the turning effect, only the y component of the
moment is needed, and the total moment produced is not important. To
determine this component, we can use either a scalar or vector analysis.

Scalar Analysis.  To use a scalar analysis in the case of the lug nut in
Fig. 4-20a, the moment arm, or perpendicular distance from the axis to
the line of action of the force, is d, = d cos 6. Thus, the moment of F
about the y axis is M, = Fd, = F(d cos #). According to the right-hand
rule, M, is directed along the positive y axis as shown in the figure. In
general, for any axis a, the moment is

M, = Fd, (4-10)

(© Russell C. Hibbeler)

(a)
Fig. 4-20

Moment axis
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(b)
Fig. 4-20 (cont.)

Axis of projection

Fig. 4-21

Vector Analysis. To find the moment of force F in Fig. 4-20b about
the y axis using a vector analysis, we must first determine the moment of
the force about any point O on the y axis by applying Eq.4-7,M, = r X F.
The component M, along the y axis is the projection of M, onto the y axis.
It can be found using the dot product discussed in Chapter 2, so that
M, = j-My = j- (r X F), where j is the unit vector for the y axis.

We can generalize this approach by letting u, be the unit vector that
specifies the direction of the a axis shown in Fig. 4-21. Then the moment
of F about a point O on the axis is My = r X F, and the projection of
this moment onto the a axis is M, = u,- (r X F). This combination is
referred to as the scalar triple product. If the vectors are written in
Cartesian form, we have

i j k
M, = [u,ji + uayj +u Kl oo
F. F, F,

= u, (nF, — rZFy) - uay(erZ —rF) + uaz(ery - nFy)

This result can also be written in the form of a determinant, making it
easier to memorize.*

Uy — Ug U
M,=u, @cXF)=|r, r, (4-11)
r B F

where

Uy, Ug, U, TEpresent the x, y, z components of the unit vector
’ defining the direction of the a axis

e Iy, 1. represent the x, y, z components of the position
vector extended from any point O on the a axis

to any point A on the line of action of the force
F,, F,, F, represent the x, y, z components of the force vector.

When M, is evaluated from Eq.4-11,it will yield a positive or negative scalar.
The sign of this scalar indicates the sense of direction of M, along the a axis.
Ifitis positive, then M, will have the same sense as u,, whereas if it is negative,
then M, will act opposite to u,. Once the a axis is established, point your
right-hand thumb in the direction of M,, and the curl of your fingers will
indicate the sense of twist about the axis, Fig. 4-21.

*Take a minute to expand this determinant, to show that it will yield the above result.
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Provided M, is determined, we can then express M, as a Cartesian
vector, namely,

M, = M,u, (4-12)

The examples which follow illustrate numerical applications of the
above concepts.

Important Points

o The moment of a force about a specified axis can be determined
provided the perpendicular distance d, from the force line of
action to the axis can be determined. M, = Fd,,.

o If vector analysis is used, M, = u,- (r X F), where u, defines the
direction of the axis and r is extended from any point on the axis
to any point on the line of action of the force.

o If M, is calculated as a negative scalar, then the sense of direction
of M, is opposite to u,.

o The moment M, expressed as a Cartesian vector is determined
from M, = M u,.

147

EXAMPLE | 4.7

Determine the resultant moment of the three forces in Fig. 4-22 about
the x axis, the y axis, and the z axis.

SOLUTION

A force that is parallel to a coordinate axis or has a line of action that
passes through the axis does not produce any moment or tendency for
turning about that axis. Therefore, defining the positive direction of
the moment of a force according to the right-hand rule, as shown in
the figure, we have

M, = (601b)(2ft) + (501b)(2ft) + 0 =2201b-ft Ans.
M, =0 — (501b)(3 ft) — 40Ib)2 ft) = =2301b-ft  Ans
M,=0+0—-(401b)2ft) = —801Ib-ft Ans.

The negative signs indicate that M, and M. act in the —y and —z
directions, respectively.

F;=401b
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EXAMPLE | 4.8

z Determine the moment My produced by the force F in Fig. 4-23a,
which tends to rotate the rod about the AB axis.

SOLUTION
A vector analysis using M,z = ug* (r X F) will be considered for the
solution rather than trying to find the moment arm or perpendicular
distance from the line of action of F to the AB axis. Each of the terms
in the equation will now be identified.

Unit vector ug defines the direction of the AB axis of the rod,
Fig. 4-23b, where

ry  {04i +02j)m
5 \V(04m) + (0.2 m)?

u = = 0.8944i + 0.4472j

Vector r is directed from any point on the AB axis to any point on the
line of action of the force. For example, position vectors rc and 1y are
suitable, Fig. 4-23b. (Although not shown, rz¢ or rz;, can also be used.)
For simplicity, we choose rp, where

rp = {0.6i} m
The force is
F = {—300k} N
Substituting these vectors into the determinant form and expanding,
we have
0.8944  0.4472 0
MAB=llB'(rDXF)= 0.6 0 0

0 0 —300
= (.8944[0(—300) — 0(0)] — 0.4472[0.6(—300) — 0(0)]
+ 0[0.6(0) — 0(0)]

= 80.50 N-m

This positive result indicates that the sense of Myp is in the same
direction as ug.

Expressing M, in Fig. 4-23D as a Cartesian vector yields

M,; = Mygug = (80.50 N - m)(0.8944i + 0.4472j)
= {72.0i + 36.0j} N-m Ans.

NOTE: If axis AB is defined using a unit vector directed from B toward
A, then in the above formulation —uz would have to be used. This
would lead to M,z = —80.50 N - m. Consequently, My = M ,p(—up),
and the same result would be obtained.
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EXAMPLE | 4.9

N

Determine the magnitude of the moment of force F about segment
OA of the pipe assembly in Fig. 4-24a.

SOLUTION

The moment of F about the OA axis is determined from

Mops = upy - (r X F), where r is a position vector extending from any

point on the OA axis to any point on the line of action of F. As

indicated in Fig. 4-24b, either rgp, roc, rap, Or ryc can be used;

however, ryp, will be considered since it will simplify the calculation.
The unit vector u,,, which specifies the direction of the OA axis, is

Toa {03i aly O4j} m . .
Upg — = = 0.61 + 0&]
roa V(03 m)? + (0.4m)
and the position vector ryp is
rop = {0.5i + 0.5k} m
The force F expressed as a Cartesian vector is
r
F= F(Q)
T'cp
{0.4i — 0.4j + 0.2k} m
= (300N)
V(0.4 m)® + (—0.4 m)? + (0.2 m)>
= {200i — 200j + 100k} N
(b)
Therefore, Fig. 4-24

Mops = upys - (rop X F)

0.6 0.8 0
0.5 0 0.5
200 —200 100

0.6[0(100) — (0.5)(—200)] — 0.8[0.5(100) — (0.5)(200)] + 0

100 N-m Ans.
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. PRELIMINARY PROBLEMS

P4-3. Ineach case, determine the resultant moment of the P4-4. In each case, set up the determinant needed to find
forces acting about the x, y, and z axes. the moment of the force about the a—a axes.

Z
F = {6i + 2j + 3k} kN

100N
a
om
v 4 3m— Mm y
4m
X
X a
(a) (a)
Z
Z
211'17/ a
e
50N 2m
a P
— y
y 3m

]

F = {2i — 4j + 3k} kN

(b)
(®)

F = {2i — 4j + 3k} kN

S0N . m/‘ 7

3
s y
4m
a 2
B a
X 2%
o
S
Im
()

Prob. P4-4
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. PEGIBLEWENTAL PROBLEMS

F4-13. Determine the magnitude of the moment of the F4-16. Determine the magnitude of the moment of the
force F = {300i — 200j + 150k} N about the x axis. force about the y axis.
F = {30i — 20j + 50k} N
F4-14. Determine the magnitude of the moment of the
force F = {300i — 200j + 150k} N about the OA axis. /‘/ z
A

2 m

3m
/A4m Y

X

Prob. F4-16
F4-17. Determine the moment of the force
F = {50i — 40j + 20k} Ib about the AB axis. Express the
result as a Cartesian vector.

Z

Probs. F4-13/14

F4-15. Determine the magnitude of the moment of the
200-N force about the x axis. Solve the problem using both a
scalar and a vector analysis.

Prob. F4-17
F4-18. Determine the moment of force F about the x, the
v, and the z axes. Solve the problem using both a scalar and
a vector analysis.

Prob. F4-15 Prob. F4-18
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. PEGIBUEWENTAL PROBLEMS

#4-52. 'The lug nut on the wheel of the automobile is to be
removed using the wrench and applying the vertical force of
F = 30N at A. Determine if this force is adequate, provided
14 N -m of torque about the x axis is initially required to
turn the nut. If the 30-N force can be applied at A in any
other direction, will it be possible to turn the nut?

4-53. Solve Prob. 4-52 if the cheater pipe AB is slipped
over the handle of the wrench and the 30-N force can be
applied at any point and in any direction on the assembly.

Z

Probs. 4-52/53

4-54. The A-frame is being hoisted into an upright
position by the vertical force of F = 80 Ib. Determine the
moment of this force about the y’ axis passing through
points A and B when the frame is in the position shown.

4-55. The A-frame is being hoisted into an upright
position by the vertical force of F = 80 Ib. Determine the
moment of this force about the x axis when the frame is in
the position shown.

Probs. 4-54/55

#4-56. Determine the magnitude of the moments of the
force F about the x, y, and z axes. Solve the problem (a) using
a Cartesian vector approach and (b) using a scalar approach.

4-57. Determine the moment of this force F about an axis
extending between A and C. Express the result as a Cartesian
vector.

F = {4i + 12j — 3k} Ib
Probs. 4-56/57

4-58. The board is used to hold the end of a four-way lug
wrench in the position shown when the man applies a force of
F = 100 N.Determine the magnitude of the moment produced
by this force about the x axis. Force F lies in a vertical plane.

4-59. The board is used to hold the end of a four-way lug
wrench in position. If a torque of 30 N - m about the x axis is
required to tighten the nut, determine the required magnitude
of the force F that the man’s foot must apply on the end of
the wrench in order to turn it. Force F lies in a vertical plane.

Probs. 4-58/59



*4-60. The A-frame is being hoisted into an upright
position by the vertical force of F = 80 Ib. Determine the
moment of this force about the y axis when the frame is in
the position shown.

Prob. 4-60

4-61. Determine the magnitude of the moment of the force
F = {50i — 20j — 80k} N about the base line AB of the tripod.

4-62. Determine the magnitude of the moment of the force
F = {50i — 20j — 80k} N about the base line BC of the tripod.

4-63. Determine the magnitude of the moment of the force
F = {50i — 20j — 80k} N about the base line CA of the tripod.

05m > g

Probs. 4-61/62/63

4.5 MOMENT OF A FORCE ABOUT A SPECIFIED AXIS 153

*4-64. A horizontal force of F= {—50i} N is applied
perpendicular to the handle of the pipe wrench. Determine
the moment that this force exerts along the axis OA (z axis)
of the pipe assembly. Both the wrench and pipe assembly,
OABC , lie in the y-z plane. Suggestion: Use a scalar analysis.

4-65. Determine the magnitude of the horizontal force
F = —Fi acting on the handle of the wrench so that this
force produces a component of the moment along the
OA axis (z axis) of the pipe assembly of M, = {4k} N -m.
Both the wrench and the pipe assembly, OABC, lie in
the y-z plane. Suggestion: Use a scalar analysis.

Probs. 4-64/65

4-66. The force of F = 30 N acts on the bracket as shown.
Determine the moment of the force about the a—a axis of
the pipe if « = 60°, 8 = 60°,and y = 45°. Also, determine
the coordinate direction angles of F in order to produce the
maximum moment about the a—a axis. What is this moment?

Prob. 4-66
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[ /

Fig. 4-25

I'p s

o

Fig. 4-26

4.6 Moment of a Couple

A couple is defined as two parallel forces that have the same magnitude,
but opposite directions, and are separated by a perpendicular distance d,
Fig. 4-25. Since the resultant force is zero, the only effect of a couple is to
produce an actual rotation, or if no movement is possible, there is a
tendency of rotation in a specified direction. For example, imagine that
you are driving a car with both hands on the steering wheel and you are
making a turn. One hand will push up on the wheel while the other hand
pulls down, which causes the steering wheel to rotate.

The moment produced by a couple is called a couple moment. We can
determine its value by finding the sum of the moments of both couple
forces about any arbitrary point. For example, in Fig. 4-26, position vectors
r, and rp are directed from point O to points A and B lying on the line of
action of —F and F. The couple moment determined about O is therefore

M=r; XF+ry, X -F=(0 1) XF
Howeverrz = r4, + rorr = rz — ry,so that
M=rXF (4-13)

This result indicates that a couple moment is a free vector, i.e., it can
act at any point since M depends only upon the position vector r directed
between the forces and not the position vectors r, and rp, directed from
the arbitrary point O to the forces. This concept is unlike the moment of
a force, which requires a definite point (or axis) about which moments
are determined.

Scalar Formulation. The moment of a couple, M, Fig. 4-27, is
defined as having a magnitude of

M =Fd (4-14)

where F is the magnitude of one of the forces and d is the perpendicular
distance or moment arm between the forces. The direction and sense of
the couple moment are determined by the right-hand rule, where the
thumb indicates this direction when the fingers are curled with the sense
of rotation caused by the couple forces. In all cases, M will act
perpendicular to the plane containing these forces.

Vector Formulation. The moment of a couple can also be
expressed by the vector cross product using Eq. 4-13, i.e.,

M=rXF (4-15)

Application of this equation is easily remembered if one thinks of taking
the moments of both forces about a point lying on the line of action of
one of the forces. For example, if moments are taken about point A in
Fig. 4-26, the moment of —F is zero about this point, and the moment of
F is defined from Eq. 4-15. Therefore, in the formulation r is crossed with
the force F to which it is directed.



Fig. 4-28 (© Russell C. Hibbeler)

Equivalent Couples. If two couples produce a moment with the same
magnitude and direction, then these two couples are equivalent. For example,
the two couples shown in Fig. 4-28 are equivalent because each couple
moment has a magnitude of M = 30 N(0.4 m) = 40N(0.3m) = 12N-m,
and each is directed into the plane of the page. Notice that larger forces are
required in the second case to create the same turning effect because the
hands are placed closer together. Also, if the wheel was connected to the shaft
at a point other than at its center, then the wheel would still turn when each
couple is applied since the 12 N - m couple is a free vector.

Resultant Couple Moment. Since couple moments are vectors,
their resultant can be determined by vector addition. For example,
consider the couple moments M, and M, acting on the pipe in Fig. 4-29a.
Since each couple moment is a free vector, we can join their tails at any
arbitrary point and find the resultant couple moment, My = M; + M, as
shown in Fig. 4-29b.

If more than two couple moments act on the body, we may generalize
this concept and write the vector resultant as

M; = 3(r X F) (4-16)

These concepts are illustrated numerically in the examples that follow.
In general, problems projected in two dimensions should be solved using
a scalar analysis since the moment arms and force components are easy
to determine.

4.6 MOMENT OF A COUPLE
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(a)

(b)
Fig. 4-29
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Important Points

¢ A couple moment is produced by two noncollinear forces that
are equal in magnitude but opposite in direction. Its effect is to
produce pure rotation, or tendency for rotation in a specified
direction.

® A couple moment is a free vector, and as a result it causes the
same rotational effect on a body regardless of where the couple

Steering wheels on vehicles have been made moment is applied to the body.
smaller than on older vehicles because
power steering does not require the driver ¢ The moment of the two couple forces can be determined about

to apply a large couple moment to the rim

of the wheel. (© Russell C. Hibbeler) any point. For convenience, this point is often chosen on the line

of action of one of the forces in order to eliminate the moment of
this force about the point.

¢ In three dimensions the couple moment is often determined
using the vector formulation, M = r X F, where r is directed
from any point on the line of action of one of the forces to any
point on the line of action of the other force F.

¢ A resultant couple moment is simply the vector sum of all the
couple moments of the system.

EXAMPLE |4.10

Determine the resultant couple moment of the three couples acting

A F = 20016 on the plate in Fig. 4-30.
F;=3001b
£ 501 Al = SOLUTION - ‘
< i O = st As shown the perpendicular distances between §acb pair of couple forc;es
4y =3t I]D oo S are dy = 4ft, d, = 3 ft and d; = 5 ft. Considering counterclockwise
D o couple moments as positive, we have

B T
F,=4501b|] —==— #B
g‘l‘MR = EM, MR =S _Fldl + dez - F3d3

Fi=2001) £~ 3001 —(200 Ib)(4 ft) + (450 1b)(3 ft) — (300 Ib)(5 ft)

=950 1b-ft = 950 1b- ft D Ans.

Fig. 4-30

The negative sign indicates that My has a clockwise rotational sense.
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EXAMPLE |4.11

Determine the magnitude and direction of the couple moment acting
on the gear in Fig. 4-31a.

F=600N

600 sin 30° N
F=0600N

£
£

600 cos 30° N
30° 30°

F=600N F=600N 600 sin30°N
(@) (®)

SOLUTION

The easiest solution requires resolving each force into its components
as shown in Fig. 4-31b. The couple moment can be determined by
summing the moments of these force components about any point, for
example, the center O of the gear or point A. If we consider
counterclockwise moments as positive, we have

C+M =My, M = (600 cos 30° N)(0.2 m) — (600 sin 30° N)(0.2 m)
=439N-m> Ans.

or

C+M = 3M,; M = (600 cos 30° N)(0.2 m) — (600 sin 30° N)(0.2 m)
=439N-m) Ans.

This positive result indicates that M has a counterclockwise rotational
sense, so it is directed outward, perpendicular to the page.

NOTE: The same result can also be obtained using M = Fd, where d is
the perpendicular distance between the lines of action of the couple
forces, Fig. 4-31c. However, the computation for d is more involved.
Realize that the couple moment is a free vector and can act at any
point on the gear and produce the same turning effect about point O.

A 600 cos 30° N

F=600N
©

Fig. 4-31
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Determine the couple moment acting on the pipe shown in Fig. 4-32a.
Segment AB is directed 30° below the x—y plane.

251b

251b

SOLUTION | (VECTOR ANALYSIS)
The moment of the two couple forces can be found about any point. If
point O is considered, Fig. 4-32b, we have

M = r, X (—25K) + rz X (25K)
= (8j) X (—25K) + (6 cos 30°% + 8j — 6 sin 30°k) X (25k)

= —200i — 129.9§ + 200i

{—130j} Ib-in. Ans.

It is easier to take moments of the couple forces about a point lying on
the line of action of one of the forces, e.g., point A, Fig. 4-32¢. In this
case the moment of the force at A is zero, so that
M = 1,5 X (25k)
= (6 cos 30°i — 6 sin 30°k) X (25Kk)
= {—130j} Ib-in. Ans.

SOLUTION II (SCALAR ANALYSIS)
Although this problem is shown in three dimensions, the geometry is
simple enough to use the scalar equation M = Fd. The perpendicular

\ distance between the lines of action of the couple forces is

Yd = 6cos 30° = 5.196 i in., Fig. 4-32d. Hence, taking moments of the
forces about either point A or point B yields

S//Z/D M = Fd = 251b(5.196 in.) = 129.9 b~ in.
B Applying the right-hand rule, M acts in the —j direction. Thus,

= {—130j} Ib-in. Ans.
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Replace the two couples acting on the pipe column in Fig. 4-33a by a
resultant couple moment.

o
4

"

(a) (b)
Fig. 4-33

SOLUTION (VECTOR ANALYSIS)
The couple moment M, developed by the forces at A and B, can
easily be determined from a scalar formulation.

M; = Fd = 150 N(0.4 m) = 60 N-m
By the right-hand rule, M, acts in the +i direction, Fig. 4-33b. Hence,
M, = {60i} N-m
Vector analysis will be used to determine M,, caused by forces at C
and D. If moments are calculated about point D, Fig. 4-33a,

M2 = Ipc X Fc, then

M, = rpc X Fe = (0.30) X [125(2)j — 125(2)k]
= (0.3i) X [100j — 75k] = 30( X j) — 22.5( X k)
= {22.5j + 30k} N-m
Since M; and M, are free vectors, they may be moved to some

arbitrary point and added vectorially, Fig. 4-33c. The resultant couple
moment becomes

Mg =M, + M, = {60i + 22.5j + 30k} N-m Ans.
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. FUNDAMENTAL PROBLEMS

F4-22. Determine the couple moment acting on the beam.
10 kN

5/\a
3

F4-19. Determine the resultant couple moment acting on
the beam.

400 N 400 N
A
12 200N
— ‘ ]02' m
: 200N
3m 2 m—
| Y
300 N 300 N
Prob. F4-19

F4-20. Determine the resultant couple moment acting on
the triangular plate.
200 Ib 150 1b

200 1b 150 1b

4 ft

300 1b
Prob. F4-20

F4-21. Determine the magnitude of F so that the resultant
couple moment acting on the beam is 1.5 kN - m clockwise.

Prob. F4-21

3
4| /5
10 kN
Prob. F4-22

F4-23. Determine the resultant couple moment acting on
the pipe assembly.

Z
‘(MC)1 = 450 Ib-ft

™
(M), = 250 Ib-ft

Prob. F4-23

F4-24. Determine the couple moment acting on the pipe
assembly and express the result as a Cartesian vector.

Prob. F4-24
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4-67. A clockwise couple M = 5N-m is resisted by the 4-69. If the resultant couple of the three couples acting on
shaft of the electric motor. Determine the magnitude of the the triangular block is to be zero, determine the magnitude
reactive forces —R and R which act at supports A and B so of forces F and P.

that the resultant of the two couples is zero.

150 y

Prob. 4-67

4-70. Two couples act on the beam. If F = 1251b,

determine the resultant couple moment.
*4-68. A twist of 4 N-m is applied to the handle of the

screwdriver. Resolve this couple moment into a pair of couple 4-71. Two couples act on the beam. Determine the

forces F exerted on the handle and P exerted on the blade. magnitude of F so that the resultant couple moment is
450 Ib - ft, counterclockwise. Where on the beam does the

resultant couple moment act?

E—» 200 Ib
2 ft

Prob. 4-68 Probs. 4-70/71
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#*4-72. Determine the magnitude of the couple forces F so
that the resultant couple moment on the crank is zero.

Prob. 4-72

4-73. The ends of the triangular plate are subjected to
three couples. Determine the magnitude of the force F so
that the resultant couple moment is 400 N - m clockwise.

600 N F

Prob. 4-73

4-74. The man tries to open the valve by applying the
couple forces of F = 75N to the wheel. Determine the
couple moment produced.

4-75. 1If the valve can be opened with a couple moment of
25 N - m, determine the required magnitude of each couple
force which must be applied to the wheel.

Probs. 4-74/75

*4-76. Determine the magnitude of F so that the resultant
couple moment is 12 kN - m, counterclockwise. Where on
the beam does the resultant couple moment act?

8kN 0.3 m

Prob. 4-76



4-77. 'Two couples act on the beam as shown. If F = 150 1b,
determine the resultant couple moment.

4-78. Two couples act on the beam as shown. Determine
the magnitude of F so that the resultant couple moment is
300 Ib - ft counterclockwise. Where on the beam does the
resultant couple act?

-F
> A
4
T » 200 Ib
151t
< t 200 Ib
A

F 4
4 ft
Probs. 4-77/78

4-79. Two couples act on the frame. If the resultant couple
moment is to be zero, determine the distance d between the
80-1b couple forces.

*4-80. Two couples act on the frame. If d = 4 ft, determine
the resultant couple moment. Compute the result by
resolving each force into x and y components and (a) finding
the moment of each couple (Eq.4-13) and (b) summing the
moments of all the force components about point A.

4-81. Two couples act on the frame. If d = 4 ft, determine
the resultant couple moment. Compute the result by
resolving each force into x and y components and (a) finding
the moment of each couple (Eq. 4-13) and (b) summing the
moments of all the force components about point B.

1]
5
4 1
s0lb ||
s A
|| S
80lb Ay }
X
Probs. 4-79/80/81
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4-82. Express the moment of the couple acting on the
pipe assembly in Cartesian vector form. What is the
magnitude of the couple moment?

11t

Prob. 4-82

4-83. IfM,=1801b-ft, M, =90 Ib- ft, and M5 = 120 Ib- ft,
determine the magnitude and coordinate direction angles
of the resultant couple moment.

*4-84. Determine the magnitudes of couple moments M;,
M,, and M; so that the resultant couple moment is zero.

1501b - ft

Probs. 4-83/84
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4-85. The gears are subjected to the couple moments
shown. Determine the magnitude and coordinate direction
angles of the resultant couple moment.

M, =401b - ft z

M,=301b- ft

Prob. 4-85

4-86. Determine the required magnitude of the couple
moments M, and Mj so that the resultant couple moment
is zero.

4-87. Determine the resultant couple moment of the two
couples that act on the assembly. Specify its magnitude and
coordinate direction angles.

Z

60 1b

.
3in.
601

Prob. 4-87

*4-88. Express the moment of the couple acting on the
frame in Cartesian vector form. The forces are applied
perpendicular to the frame. What is the magnitude of the
couple moment? Take F = 50 N.

4-89. In order to turn over the frame, a couple moment is
applied as shown. If the component of this couple moment
along the x axis is M, = {—20i} N-m, determine the
magnitude F of the couple forces.

Probs. 4-88/89



4-90. Express the moment of the couple acting on the
pipe in Cartesian vector form. What is the magnitude of the
couple moment? Take F = 125 N.

4-91. If the couple moment acting on the pipe has a
magnitude of 300 N - m, determine the magnitude F of the
forces applied to the wrenches.

Probs. 4-90/91

#*4-92. If F= 80N, determine the magnitude and
coordinate direction angles of the couple moment. The pipe
assembly lies in the x—y plane.

4-93. If the magnitude of the couple moment acting on
the pipe assembly is 50 N - m, determine the magnitude of
the couple forces applied to each wrench. The pipe assembly
lies in the x—y plane.

Probs. 4-92/93
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4-94. Express the moment of the couple acting on the rod
in Cartesian vector form. What is the magnitude of the
couple moment?

F = (- 4i + 3j — 4k} kN

Prob. 4-94

4-95. If F, =100N, F,= 120N, and F; = 80N,
determine the magnitude and coordinate direction angles
of the resultant couple moment.

*4-96. Determine the required magnitude of F;, F,,
and F; so that the resultant couple moment is
M)z = [50i — 45j — 20k] N - m.

z 1—F4 = [-150 K] N

Probs. 4-95/96
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