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When this load is lifted at constant velocity, or is just suspended, then it is in a state of
equilibrium. In this chapter we will study equilibrium for a particle and show how these
ideas can be used to calculate the forces in cables used to hold suspended loads.



Equilibrium of a
Particle

CHAPTER OBJECTIVES

m To introduce the concept of the free-body diagram for a particle.

m To show how to solve particle equilibrium problems using the
equations of equilibrium.

3.1 Condition for the Equilibrium
of a Particle

A particle is said to be in equilibrium if it remains at rest if originally at
rest, or has a constant velocity if originally in motion. Most often, however,
the term “equilibrium” or, more specifically, “static equilibrium” is used
to describe an object at rest. To maintain equilibrium, it is necessary to
satisfy Newton’s first law of motion, which requires the resultant force
acting on a particle to be equal to zero. This condition is stated by the
equation of equilibrium,

SF=0 (3-1)

where XF is the vector sum of all the forces acting on the particle.

Not only is Eq. 3-1 a necessary condition for equilibrium, it is also a
sufficient condition. This follows from Newton’s second law of motion,
which can be written as 3F = ma. Since the force system satisfies
Eq. 3-1, then ma = 0, and therefore the particle’s acceleration a = 0.
Consequently, the particle indeed moves with constant velocity or
remains at rest.
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EQUILIBRIUM OF A PARTICLE

3.2 The Free-Body Diagram

To apply the equation of equilibrium, we must account for all the known
and unknown forces (2F) which act on the particle. The best way to do
this is to think of the particle as isolated and “free” from its surroundings.
A drawing that shows the particle with all the forces that act on it is called
a free-body diagram (FBD).

Before presenting a formal procedure as to how to draw a free-body
diagram, we will first consider three types of supports often encountered
in particle equilibrium problems.

Springs. If a linearly elastic spring (or cord) of undeformed length
Iy 1s used to support a particle, the length of the spring will change in
direct proportion to the force F acting on it, Fig. 3-1a. A characteristic
that defines the “elasticity” of a spring is the spring constant or stiffness k.

The magnitude of force exerted on a linearly elastic spring which has a
stiffness k and is deformed (elongated or compressed) a distance
s = | — Iy, measured from its unloaded position, is

F = ks (3-2)

If s is positive, causing an elongation, then F must pull on the spring;
whereas if s is negative, causing a shortening, then F must push on it. For
example, if the spring in Fig. 3-1a has an unstretched length of 0.8 m and
a stiffness k = 500N/m and it is stretched to a length of 1 m,
so that s=1—[jy=1m — 08m = 0.2m, then a force F = ks =
500 N/m(0.2 m) = 100 N is needed.

Cables and Pulleys. Unless otherwise stated throughout this
book, except in Sec. 7.4, all cables (or cords) will be assumed to have
negligible weight and they cannot stretch. Also, a cable can support only
a tension or “pulling” force, and this force always acts in the direction of
the cable. In Chapter 5, it will be shown that the tension force developed
in a continuous cable which passes over a frictionless pulley must have a
constant magnitude to keep the cable in equilibrium. Hence, for any
angle 6, shown in Fig. 3-1b, the cable is subjected to a constant tension 7'
throughout its length.

Smooth Contact. If an object rests on a smooth surface, then the
surface will exert a force on the object that is normal to the surface at
the point of contact. An example of this is shown in Fig. 3-24. In
addition to this normal force N, the cylinder is also subjected to its
weight W and the force T of the cord. Since these three forces are
concurrent at the center of the cylinder, Fig. 3-2b, we can apply the
equation of equilibrium to this “particle,” which is the same as applying
it to the cylinder.
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Procedure for Drawing a Free-Body Diagram -

Since we must account for all the forces acting on the particle when
applying the equations of equilibrium, the importance of first
drawing a free-body diagram cannot be overemphasized. To construct
a free-body diagram, the following three steps are necessary.

Draw Outlined Shape.

Imagine the particle to be isolated or cut “free” from its surroundings.
This requires removing all the supports and drawing the particle’s
outlined shape.

Show All Forces.

Indicate on this sketch all the forces that act on the particle. These
forces can be active forces, which tend to set the particle in motion,
or they can be reactive forces which are the result of the constraints
or supports that tend to prevent motion. To account for all these
forces, it may be helpful to trace around the particle’s boundary,
carefully noting each force acting on it.

Identify Each Force.

The forces that are known should be labeled with their proper
magnitudes and directions. Letters are used to represent the
magnitudes and directions of forces that are unknown.

The bucket is held in equilibrium by
the cable, and instinctively we know
that the force in the cable must
equal the weight of the bucket. By
drawing a free-body diagram of the
bucket we can understand why this
is so. This diagram shows that there
are only two forces acting on the
bucket,namely, its weight W and the
force T of the cable. For equilibrium,
the resultant of these forces must be
equal to zero, and so T = W.
(© Russell C. Hibbeler)

5(9.81)N

The 5-kg plate is suspended by two straps
A and B. To find the force in each strap
we should consider the free-body diagram
of the plate. As noted, the three forces
acting on it are concurrent at the center.
(© Russell C. Hibbeler)
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Fcr (Force of sphere acting on cord CE)
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EQUILIBRIUM OF A PARTICLE

The sphere in Fig. 3-3a has a mass of 6 kg and is supported as shown.
Draw a free-body diagram of the sphere, the cord CFE, and the knot at C.

(a)

SOLUTION

Sphere. Once the supports are removed, we can see that there
are four forces acting on the sphere, namely, its weight,
6 kg (9.81 m/sz) = 589 N, the force of cord CE, and the two normal
forces caused by the smooth inclined planes. The free-body diagram is
shown in Fig. 3-3b.

Cord CE. When the cord CE is isolated from its surroundings, its
free-body diagram shows only two forces acting on it,namely, the force of
the sphere and the force of the knot, Fig. 3-3c¢. Notice that Fz shown here
is equal but opposite to that shown in Fig. 3-3b,a consequence of Newton’s
third law of action—reaction. Also, Fr and Fgc pull on the cord and keep
it in tension so that it doesn’t collapse. For equilibrium, Frp = Fgc.

Knot. The knot at C is subjected to three forces, Fig. 3-3d. They are
caused by the cords CBA and CE and the spring CD. As required, the
free-body diagram shows all these forces labeled with their magnitudes
and directions. It is important to recognize that the weight of the
sphere does not directly act on the knot. Instead, the cord CE subjects
the knot to this force.

Fcp4 (Force of cord CBA acting on knot)

60°\ C
F¢p (Force of spring acting on knot)

Fcr (Force of cord CE acting on knot)

(d)
Fig. 3-3
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3.3 Coplanar Force Systems

If a particle is subjected to a system of coplanar forces that lie in the x—y
plane, as in Fig. 3—4, then each force can be resolved into its i and j
components. For equilibrium, these forces must sum to produce a zero
force resultant, i.e.,

SF=0
SEi+ SEj=0

For this vector equation to be satisfied, the resultant force’s x and y
components must both be equal to zero. Hence,

SF, =0

SF, =0 (3-3)
g

These two equations can be solved for at most two unknowns, generally
represented as angles and magnitudes of forces shown on the particle’s
free-body diagram.

When applying each of the two equations of equilibrium, we must
account for the sense of direction of any component by using an algebraic
sign which corresponds to the arrowhead direction of the component
along the x or y axis. It is important to note that if a force has an unknown
magnitude, then the arrowhead sense of the force on the free-body
diagram can be assumed. Then if the solution yields a negative scalar, this
indicates that the sense of the force is opposite to that which was assumed.

For example, consider the free-body diagram of the particle subjected to
the two forces shown in Fig. 3-5. Here it is assumed that the unknown
force F acts to the right, that is, in the positive x direction, to maintain
equilibrium. Applying the equation of equilibrium along the x axis, we have

ESF =0; +F+ 10N =0

Both terms are “positive” since both forces act in the positive x
direction. When this equation is solved, F = —10 N. Here the negative
sign indicates that F must act to the left to hold the particle in
equilibrium, Fig. 3-5. Notice that if the +x axis in Fig. 3-5 were directed
to the left, both terms in the above equation would be negative, but
again, after solving, F = —10 N, indicating that F would have to be
directed to the left.

COPLANAR FORCE SYSTEMS

y
F,
y
F; F
4
Fig. 3-4
10N
Fig. 3-5
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Important Points

The first step in solving any equilibrium problem is to draw the
particle’s free-body diagram. This requires removing all the supports
and isolating or freeing the particle from its surroundings and then
showing all the forces that act on it.

Equilibrium means the particle is at rest or moving at constant
velocity. In two dimensions, the necessary and sufficient conditions
for equilibrium require XF, = 0 and XF, = 0.

Procedure for Analysis

Coplanar force equilibrium problems for a particle can be solved
using the following procedure.

Free-Body Diagram.
e Establish the x, y axes in any suitable orientation.

e Label all the known and unknown force magnitudes and
directions on the diagram.

e The sense of a force having an unknown magnitude can be
assumed.

Equations of Equilibrium.

y . e
‘ e Apply the equations of equilibrium, XF, = 0 and XF, = 0. For
T convenience, arrows can be written alongside each equation to
P define the positive directions.
AQ—~x e Components are positive if they are directed along a positive axis,
T and negative if they are directed along a negative axis.
B
Tc

e If more than two unknowns exist and the problem involves a

The chains exert three forces on the ring at A spring, apply F' = ks to relate the spring force to the deformation

as shown on its free-body diagram. The ring s of the spring.
will not move, or will move with constant
velocity, provided the summation of these o Since the magnitude of a force is always a positive quantity, then if

forces along the x and along the y axis equals
zero. If one of the three forces is known, the
magnitudes of the other two forces can be
obtained from the two equations of
equilibrium. (© Russell C. Hibbeler)

the solution for a force yields a negative result, this indicates that
its sense is the reverse of that shown on the free-body diagram.




3.3 COPLANAR FORCE SYSTEMS 93

exavpie gz

Determine the tension in cables BA and BC necessary to support the
60-kg cylinder in Fig. 3-6a.

Tpp =60 (9.81) N

60 (9.81) N
(a) (b)
SOLUTION

Free-Body Diagram. Due to equilibrium, the weight of the cylinder
causes the tension in cable BD to be Tz, = 60(9.81) N, Fig. 3-6b. The
forces in cables BA and BC can be determined by investigating the
equilibrium of ring B. Its free-body diagram is shown in Fig. 3—-6¢. The
magnitudes of T4 and T are unknown, but their directions are known.

Equations of Equilibrium. Applying the equations of equilibrium
along the x and y axes, we have

BSF = 0; Tccos45° — ()T, =0 (1) NS
+ 13F, =0, Tcsind5® + (2)7, — 609.81)N =0 ) 4

45°
'

B

Equation (1) can be written as T, = 0.88397T . Substituting this into
Eq. (2) yields

Tcsin45° + (2)(0.88397¢) — 60(9.81)N = 0

Tsp = 60 (9.81) N

(©
so that Fig. 3-6
Te = 475.66 N = 476 N Ans.
Substituting this result into either Eq. (1) or Eq. (2), we get
T, = 420N Ans.

NOTE: The accuracy of these results, of course, depends on the accuracy
of the data, i.e., measurements of geometry and loads. For most
engineering work involving a problem such as this, the data as measured
to three significant figures would be sufficient.
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y
Fc
Fp
[A -
Y Fp=1962 N
(b)
Fig. 3-7

The 200-kg crate in Fig. 3-7a is suspended using the ropes AB and AC. Each
rope can withstand a maximum force of 10 kN before it breaks. If AB
always remains horizontal, determine the smallest angle 6 to which the
crate can be suspended before one of the ropes breaks.

(a)

SOLUTION

Free-Body Diagram. We will study the equilibrium of ring A . There
are three forces acting on it, Fig. 3-7b. The magnitude of Fj, is equal to
the weight of the crate, i.e., F, = 200 (9.81) N = 1962 N < 10 kN.

Equations of Equilibrium. Applying the equations of equilibrium
along the x and y axes,
Iy
1
cos 0 M)
+13F, = 0; Fesing — 1962N = 0 (2)

BIF, = 0; —~Fecos + Fg = 0; Fo=

From Eq. (1), F¢ is always greater than Fp since cos # = 1. Therefore,
rope AC will reach the maximum tensile force of 10 kN before rope AB.
Substituting F- = 10 kN into Eq. (2), we get
[10(10°)N] sin 6 — 1962N = 0

6 = sin '(0.1962) = 11.31° = 11.3° Ans.
The force developed in rope AB can be obtained by substituting the
values for 6 and F into Eq. (1).
L
cos11.31°
Fz = 9.81 kN

10(10%) N
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Determine the required length of cord AC in Fig. 3-8a so that the 8-kg
lamp can be suspended in the position shown. The undeformed length
of spring AB is [’y = 0.4 m, and the spring has a stiffness of
kAB = 300 N/m

‘i 2m

T
k4= 300 N/m 18
30°
4 >
A TAB
W=785N
(a) (b)
Fig. 3-8

SOLUTION

If the force in spring AB is known, the stretch of the spring can be
found using F' = ks. From the problem geometry, it is then possible to
calculate the required length of AC.

Free-Body Diagram. The lamp has a weight W = 8(9.81) = 78.5N
and so the free-body diagram of the ring at A is shown in Fig. 3-8b.

Equations of Equilibrium. Using the x, y axes,

B SF = 0; Tap — Tyccos30° = 0
+13F, = 0; T,csin30° — 785N =0
Solving, we obtain
Tyc = 157.0N
Typ = 1359N
The stretch of spring AB is therefore
Tap = kapSap: 1359 N = 300 N/m(s4p)
sap = 0.453 m

so the stretched length is

Iap = Usp + S
Ly =04m + 0453 m = 0.853 m

The horizontal distance from C to B, Fig. 3-8a, requires
2m = lyccos 30° + 0.853 m
lAC =132m Ans.
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. PRELIMINARY PROBLEMS

P3-1. In each case, draw a free-body diagram of the ring P3-2. Write the two equations of equilibrium, 3F, = 0
at A and identify each force. and X F, = 0.Do not solve.

(a)

200N

60° SN p

600 N

(b) (b)

P 450 N

40°

300N
(©

500N

©)
Prob. P3-1 Prob. P3-2
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. FUNDAMENTAL PROBLEMS

All problem solutions must include an FBD. F3-4. The block has a mass of 5 kg and rests on the smooth

. . plane. Determine the unstretched length of the spring.
F3-1. The crate has a weight of 550 Ib. Determine the
force in each supporting cable.

Prob. F3-1 Prob. F3-4
F3-2. The beam has a weight of 700 Ib. Determine the F3-5. If the mass of cylinder C is 40 kg, determine the
shortest cable ABC that can be used to lift it if the maximum

o mass of cylinder A in order to hold the assembly in the
force the cable can sustain is 1500 Ib. position shown.

1 10t ‘

Prob. F3-2

F3-3. If the 5-kg block is suspended from the pulley B and
the sag of the cord is d = 0.15 m, determine the force in cord

Prob. F3-5
ABC. Neglect the size of the pulley.

F3-6. Determine the tension in cables AB, BC, and CD,

\ 04m \ necessary to support the 10-kg and 15-kg traffic lights at B
‘ ' ‘ and C, respectively. Also, find the angle 6.
&l
c | A
d=0.15m

Prob. F3-3

Prob. F3-6
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“leropiews

All problem solutions must include an FBD. *3-4. The bearing consists of rollers, symmetrically
. .. confined within the housing. The bottom one is subjected to
3-1. The members of a truss are pin connected at joint O. .

. . S a 125-N force at its contact A due to the load on the shaft.
Determine the magnitudes of F; and F, for equilibrium. . . .
Setf = 60° Determine the normal reactions Nz and N¢ on the bearing

e at its contact points B and C for equilibrium.
3-2. The members of a truss are pin connected at joint O.
Determine the magnitude of F; and its angle 6 for
equilibrium. Set F, = 6 kN.

SkN

125N

Prob. 3-4

Probs. 3-1/2 3-5. The members of a truss are connected to the gusset
plate. If the forces are concurrent at point O, determine the
magnitudes of F and T for equilibrium. Take 6 = 90°.

3-3. Determine the magnitude and direction 6 of F so that

the particle is in equilibrium. 3-6. The gusset plate is subjected to the forces of three

members. Determine the tension force in member C and its
angle 6 for equilibrium. The forces are concurrent at point O.
Take F = 8 kN.

8 kN

30°

60° SkN

4 kN

Prob. 3-3 Probs. 3-5/6
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3-7. The man attempts to pull down the tree using the 3-9. Determine the maximum force F that can be
cable and small pulley arrangement shown. If the tension in supported in the position shown if each chain can support a
AB is 60 b, determine the tension in cable CAD and the maximum tension of 600 Ib before it fails.

angle 6 which the cable makes at the pulley.

Prob. 3-9

Prob. 3-7

3-10. The block has a weight of 20 Ib and is being hoisted
at uniform velocity. Determine the angle 6 for equilibrium

#3-8. The cords ABC and BD can each support a and the force in cord AB.

maximum load of 100 1b. Determine the maximum weight 3-11. Determine the maximum weight W of the block

of the crate, and the angle 6 for equilibrium. that can be suspended in the position shown if cords AB
and CAD can each support a maximum tension of 80 Ib.
Also, what is the angle 6 for equilibrium?

Prob. 3-8 Probs. 3-10/11
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3-12. The lift sling is used to hoist a container having a
mass of 500 kg. Determine the force in each of the cables
AB and AC as a function of 6. If the maximum tension
allowed in each cable is 5 kN, determine the shortest length
of cables AB and AC that can be used for the lift. The center
of gravity of the container is located at G.

Prob. 3-12

3-13. A nuclear-reactor vessel has a weight of 500(10?) Ib.
Determine the horizontal compressive force that the
spreader bar AB exerts on point A and the force that each
cable segment CA and AD exert on this point while the
vessel is hoisted upward at constant velocity.

Prob. 3-13

3-14. Determine the stretch in each spring for equilibrium
of the 2-kg block. The springs are shown in the equilibrium
position.

3-15. The unstretched length of spring AB is 3 m. If the
block is held in the equilibrium position shown, determine
the mass of the block at D.

Probs. 3-14/15

#*3-16. Determine the mass of each of the two cylinders if
they cause a sag of s =0.5 m when suspended from the rings at
A and B. Note that s =0 when the cylinders are removed.

Prob. 3-16



3-17. Determine the stiffness k4 of the single spring such
that the force F will stretch it by the same amount s as the
force F stretches the two springs. Express k¢ in terms of
stiffness k; and k, of the two springs.

Unstretched
position

Prob. 3-17

3-18. If the spring DB has an unstretched length of 2 m,
determine the stiffness of the spring to hold the 40-kg crate
in the position shown.

3-19. Determine the unstretched length of DB to hold the
40-kg crate in the position shown. Take k =180 N/m.

‘ 2m 3m

Probs. 3-18/19
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*3-20. A vertical force P =10 1b is applied to the ends of
the 2-ft cord AB and spring AC. If the spring has an
unstretched length of 2 ft, determine the angle 6 for
equilibrium. Take k =15 1b/ft.

3-21. Determine the unstretched length of spring AC if a
force P = 80 lb causes the angle # = 60° for equilibrium.
Cord AB is 2 ft long. Take k=50 1b/ft.

Probs. 3-20/21

3-22. The springs BA and BC each have a stiffness of
500 N/m and an unstretched length of 3 m. Determine the
horizontal force F applied to the cord which is attached to
the small ring B so that the displacement of AB from the
wallis d = 1.5 m.

3-23. The springs BA and BC each have a stiffness of
500 N/m and an unstretched length of 3 m. Determine
the displacement d of the cord from the wall when a
force F =175 N is applied to the cord.

Probs. 3-22/23
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*3-24. Determine the distances x and y for equilibrium if
F;=800N and F, =1000 N.

3-25. Determine the magnitude of F; and the distance y if
x=15mand F;, =1000 N.

Probs. 3-24/25

3-26. The 30-kg pipe is supported at A by a system of five
cords. Determine the force in each cord for equilibrium.

3-27. Each cord can sustain a maximum tension of 500 N.
Determine the largest mass of pipe that can be supported.

Probs. 3-26/27

*3-28. The street-lights at A and B are suspended from
the two poles as shown. If each light has a weight of 50 Ib,
determine the tension in each of the three supporting cables
and the required height / of the pole DE so that cable AB is
horizontal.

24 ft

6ft_ "9
o o

Prob. 3-28

3-29. Determine the tension developed in each cord
required for equilibrium of the 20-kg lamp.

3-30. Determine the maximum mass of the lamp that the
cord system can support so that no single cord develops a
tension exceeding 400 N.

Probs. 3-29/30



3-31. Blocks D and E have a mass of 4 kg and 6 kg,
respectively. If x =2 m determine the force F and the sag s
for equilibrium.

*3-32. Blocks D and E have a mass of 4 kg and 6 kg,
respectively. If =80 N, determine the sag s and distance x
for equilibrium.

yF

Probs. 3-31/32

3-33. The lamp has a weight of 15 Ib and is supported by
the six cords connected together as shown. Determine the
tension in each cord and the angle 0 for equilibrium. Cord
BC is horizontal.

3-34. Each cord can sustain a maximum tension of 20 1b.
Determine the largest weight of the lamp that can be
supported. Also, determine 6 of cord DC for equilibrium.

Probs. 3-33/34
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3-35. The ring of negligible size is subjected to a vertical
force of 200 Ib. Determine the required length / of cord AC
such that the tension acting in AC is 160 1b. Also, what is the
force in cord AB? Hint: Use the equilibrium condition to
determine the required angle 6 for attachment, then
determine / using trigonometry applied to triangle ABC.

72t

200 1b
Prob. 3-35

*3-36. Cable ABC has a length of 5 m. Determine the
position x and the tension developed in ABC required for
equilibrium of the 100-kg sack. Neglect the size of the
pulley at B.

Prob. 3-36

3-37. A 4-kg sphere rests on the smooth parabolic surface.
Determine the normal force it exerts on the surface and the
mass mp of block B needed to hold it in the equilibrium
position shown.

y

<04m-

Prob. 3-37
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3-38. Determine the forces in cables AC and AB needed
to hold the 20-kg ball D in equilibrium. Take /=300 N and
d=1m.

3-39. The ball D has a mass of 20 kg. If a force of F=100 N
is applied horizontally to the ring at A, determine the
dimension d so that the force in cable AC is zero.

Probs. 3-38/39

*3-40. The 200-1b uniform container is suspended by
means of a 6-ft-long cable, which is attached to the sides of
the tank and passes over the small pulley located at O. If the
cable can be attached at either points A and B, or C and D,
determine which attachment produces the least amount of
tension in the cable. What is this tension?

Prob. 3-40

3-41. The single elastic cord ABC is used to support the
40-1b load. Determine the position x and the tension in the
cord that is required for equilibrium. The cord passes
through the smooth ring at B and has an unstretched length
of 6ft and stiffness of k = 50 Ib/ft.

Prob. 3-41

3-42. A “scale” is constructed with a 4-ft-long cord and
the 10-1b block D.The cord is fixed to a pin at A and passes
over two small pulleys. Determine the weight of the
suspended block B if the system is in equilibrium when
s=15ft.

Prob. 3-42
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. CONCEPTUAL PROBLEMS

C3-1. The concrete wall panel is hoisted into position using
the two cables AB and AC of equal length. Establish
appropriate dimensions and use an equilibrium analysis to
show that the longer the cables the less the force in each cable.

Prob. C3-1 (© Russell C. Hibbeler)

C3-2. The hoisting cables BA and BC each have a length
of 20 ft. If the maximum tension that can be supported by
each cable is 900 Ib, determine the maximum distance AC
between them in order to lift the uniform 1200-1b truss with
constant velocity.

45

Prob. C3-2 (© Russell C. Hibbeler)

C3-3. The device DB is used to pull on the chain ABC to
hold a door closed on the bin. If the angle between AB and
BC is 30°, determine the angle between DB and BC for
equilibrium.

Prob. C3-3 (© Russell C. Hibbeler)

C3—4. Chain AB is 1 m long and chain AC is 1.2 m long. If
the distance BC is 1.5 m, and AB can support a maximum
force of 2 kN, whereas AC can support a maximum force of
0.8 kN, determine the largest vertical force F that can be
applied to the link at A.

Prob. C3-4 (© Russell C. Hibbeler)
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Fig. 3-9

The joint at A is subjected to the force from the
support as well as forces from each of the three
chains. If the tire and any load on it have a
weight W, then the force at the support will be
W, and the three scalar equations of equilibrium
can be applied to the free-body diagram of the
joint in order to determine the chain forces,
Fp, F¢, and Fj,. (© Russell C. Hibbeler)

3.4 Three-Dimensional Force Systems

In Section 3.1 we stated that the necessary and sufficient condition for
particle equilibrium is

SF=0 (3-4)

In the case of a three-dimensional force system, as in Fig. 3-9, we can
resolve the forces into their respective i, j, k components, so that
2Fi+ XF,j + 2Fk = 0.To satisty this equation we require

SF, =0
SF, =0 (3-5)
SF, =0

These three equations state that the algebraic sum of the components of
all the forces acting on the particle along each of the coordinate axes
must be zero. Using them we can solve for at most three unknowns,
generally represented as coordinate direction angles or magnitudes of
forces shown on the particle’s free-body diagram.

Procedure for Analysis

Three-dimensional force equilibrium problems for a particle can be
solved using the following procedure.

Free-Body Diagram.
e Establish the x, y, z axes in any suitable orientation.

e Label all the known and unknown force magnitudes and
directions on the diagram.

e The sense of a force having an unknown magnitude can be
assumed.

Equations of Equilibrium.

e Use the scalar equations of equilibrium, 3F, = 0, 3F, = 0,
3 F, = 0, in cases where it is easy to resolve each force into its
X, y, Z components.

e [If the three-dimensional geometry appears difficult, then first
express each force on the free-body diagram as a Cartesian
vector, substitute these vectors into 3F = 0, and then set the i, j,
k components equal to zero.

e [f the solution for a force yields a negative result, this indicates
that its sense is the reverse of that shown on the free-body diagram.
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A 90-1b load is suspended from the hook shown in Fig. 3-10a. If the z
load is supported by two cables and a spring having a stiffness
k = 500 Ib/ft, determine the force in the cables and the stretch of the
spring for equilibrium. Cable AD lies in the x—y plane and cable AC
lies in the x—z plane.

SOLUTION

The stretch of the spring can be determined once the force in the spring
is determined.

Free-Body Diagram. The connection at A is chosen for the
equilibrium analysis since the cable forces are concurrent at this point.
The free-body diagram is shown in Fig. 3-105b. (a)

Equations of Equilibrium. By inspection, each force can easily be 2
resolved into its x, y, z components, and therefore the three scalar
equations of equilibrium can be used. Considering components
directed along each positive axis as “positive,” we have

SFE, = 0; Fpsin30° — (2) Fe =0 (1)
2F, = 0; —Fpcos30° + F =0 2)
SFE, =0; (2)Fec—901b=0 3)

Solving Eq. (3) for Fg, then Eq. (1) for Fj, and finally Eq. (2) for Fj,

yields v 01b
Fo=1501b Ans.
_ ‘ (®)
Fp =2401b Ans.
Fig. 3-10
Fp = 207.81b = 208 1b Ans.

The stretch of the spring is therefore

Fg = ksup
207.8 1b = (500 1b/ft)(s, )
syp = 0.416 ft Ans.

NOTE: Since the results for all the cable forces are positive, each
cable is in tension; that is, it pulls on point A as expected, Fig. 3-10b.
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The 10-kg lamp in Fig. 3-11a is suspended from the three equal-length
cords. Determine its smallest vertical distance s from the ceiling if the
force developed in any cord is not allowed to exceed 50 N.

z

600mm | B

%V )

10(9.81) N b4

(a) (b)
Fig. 3-11

SOLUTION

Free-Body Diagram. Due to symmetry, Fig. 3-11b, the distance
DA = DB = DC = 600 mm. It follows that from X>F, = 0 and
EFy = 0, the tension 7 in each cord will be the same. Also, the angle
between each cord and the z axis is y.

Equation of Equilibrium. Applying the equilibrium equation along
the z axis, with T = 50 N, we have

SF, = 0; 3[(50 N) cos y] — 10(9.81)N = 0

98.1
= cos ' T = 49.16°
Y COS 150

From the shaded triangle shown in Fig. 3-11b,

600 mm
s

tan 49.16° =

s = 519 mm Ans.
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EXAMIPLE | 3.7

Determine the force in each cable used to support the 40-lIb crate z
shown in Fig. 3-12a.

SOLUTION

Free-Body Diagram. Asshown in Fig. 3-12b, the free-body diagram
of point A is considered in order to “expose” the three unknown forces
in the cables.

Equations of Equilibrium. First we will express each force in
Cartesian vector form. Since the coordinates of points B and C are
B(—3 ft, —4 ft, 8 ft) and C(—3 ft, 4 ft, 8 ft), we have

FB=FB_ —3i — 4j + 8k }
LV(=3)2 + (-4 + 8
= —0.318Fzi — 0.424Fpj + 0.848F3zk
Fc—Fc_ —3i + 4j + 8k J
LV(=3) + @) + 8
= —0.318F¢i + 0.424F.j + 0.848F -k
Fp = Fpi
W = {—40k} Ib

Equilibrium requires

>F = 0; Fg +Fc+Fp+W=0
—0.318Fzi — 0.424Fzj + 0.848F3k
—0.318Fi + 0.424Fj + 0.848F -k + Fpi — 40k = 0

Equating the respective i, j, k components to zero yields

SF, = 0; —0.318F5 — 0.318F + Fp = 0 (1)
SF, =0 —0.424F; + 0.424F, = 0 2)
SF, =0, 0.848F; + 0.848F, — 40 = 0 3)

Equation (2) states that Fz = F,. Thus, solving Eq. (3) for Fy and F
and substituting the result into Eq. (1) to obtain Fj,, we have

Fg = F-=2361b Ans.
Fp=1501b Ans.
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z r”D
. 7
60°|1 200 m
o135 5
Im
y

120"(' \
=
)

" . ot '
" k=15kN/my
x - o

|
(a)

W=981N

(b)
Fig. 3-13

Determine the tension in each cord used to support the 100-kg crate
shown in Fig. 3-13a.

SOLUTION

Free-Body Diagram. The force in each of the cords can be
determined by investigating the equilibrium of point A. The free-body
diagram is shown in Fig. 3-13b. The weight of the crate is
W = 100(9.81) = 981 N.

Equations of Equilibrium. Each force on the free-body diagram is
first expressed in Cartesian vector form. Using Eq. 2-9 for F¢ and
noting point D(-1 m,2 m, 2 m) for Fp, we have

Fy = Fyi
Fo = Fgcos 120°% + F.cos 135°% + F.cos 60°k
= —0.5Fci — 0.707F¢j + 0.5Fck
FD=FD[ —1i + 2j + 2k }
V=172 + Q7 + 2
= —0.333Fpi + 0.667Fpj + 0.667Fpk
W= {981k} N

Equilibrium requires

Fyi — 0.5Fqi — 0.707F¢j + 0.5Fk
—0.333Fpi + 0.667F,j + 0.667F,k — 981k = 0

Equating the respective i, j, k components to zero,

SF, = 0; Fp — 0.5F- — 0.333F, = 0 (1)
SF, =0 —0.707F¢ + 0.667Fp = 0 2)
SF, = 0; 0.5F¢ + 0.667F, — 981 = 0 3)

Solving Eq. (2) for Fj in terms of F and substituting this into Eq. (3)
yields Fe. Fp, is then determined from Eq. (2). Finally, substituting the
results into Eq. (1) gives Fj. Hence,
Fo=8I3N Ans.
Fp = 862N Ans.
Fp = 694N Ans.
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. FUNDAMENTAL PROBLEMS

All problem solutions must include an FBD.

F3-7. Determine the magnitude of forces Fy, F,, F5, so
that the particle is held in equilibrium.

* Y900 N

Prob. F3-7

F3-8. Determine the tension developed in cables AB, AC,
and AD.

x 900 N
Prob. F3-8

F3-9. Determine the tension developed in cables AB, AC,
and AD.

600 N
Prob. F3-9

F3-10. Determine the tension developed in cables AB,
AC,and AD.

X 300 Ib
Prob. F3-10

F3-11. The 150-1b crate is supported by cables AB, AC,
and AD. Determine the tension in these wires.

Prob. F3-11
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. PROBLEMS

All problem solutions must include an FBD.

3-43. The three cables are used to support the 40-kg
flowerpot. Determine the force developed in each cable for
equilibrium.

Prob. 3-43

*3-44. Determine the magnitudes of Fy, F,, and F; for
equilibrium of the particle.

Prob. 3-44

3-45. If the bucket and its contents have a total weight of
20 Ib, determine the force in the supporting cables DA, DB,
and DC.

Prob. 3-45

3-46. Determine the stretch in each of the two springs
required to hold the 20-kg crate in the equilibrium position
shown. Each spring has an unstretched length of 2 m and a
stiffness of k = 300 N/m.

Prob. 3-46



3-47. Determine the force in each cable needed to support
the 20-kg flowerpot.

Prob. 3-47

*3-48. Determine the tension in the cables in order to
support the 100-kg crate in the equilibrium position shown.

3-49. Determine the maximum mass of the crate so that
the tension developed in any cable does not exceeded 3 kN.

Probs. 3-48/49
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3-50. Determine the force in each cable if F= 500 lb.

3-51. Determine the greatest force F that can be applied
to the ring if each cable can support a maximum force
of 800 Ib.

Probs. 3-50/51

*3-52. Determine the tension developed in cables AB and
AC and the force developed along strut AD for equilibrium
of the 400-1b crate.

3-53. If the tension developed in each cable cannot exceed
300 1b, determine the largest weight of the crate that can be
supported. Also, what is the force developed along strut AD?

Z

2 ft/

Probs. 3-52/53
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3-54. Determine the tension developed in each cable for
equilibrium of the 300-1b crate.

3-55. Determine the maximum weight of the crate that can
be suspended from cables AB, AC, and AD so that the tension
developed in any one of the cables does not exceed 250 Ib.

Probs. 3-54/55

*3-56. The 25-kg flowerpot is supported at A by the three
cords. Determine the force acting in each cord for
equilibrium.

3-57. If each cord can sustain a maximum tension of 50 N
before it fails,determine the greatest weight of the flowerpot
the cords can support.

y

Probs. 3-56/57

3-58. Determine the tension developed in the three cables
required to support the traffic light, which has a mass of
15 kg. Take h =4 m.

C?]
6 m
D
A 3m
h B
4m
4 m
3m 4m 6 m
//
X 4m - 3m y
Prob. 3-58

3-59. Determine the tension developed in the three cables
required to support the traffic light, which has a mass of
20 kg. Take 4 =3.5 m.

CW/(
6m
D /J<
A 3m
h B
4m
4 m
3m 4m 6 m
//
X 4m - 3m y

Prob. 3-59
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#3-60. The 800-Ib cylinder is supported by three chains as 3-62. If the maximum force in each rod can not exceed
shown. Determine the force in each chain for equilibrium. 1500 N, determine the greatest mass of the crate that can be
Take d =1 ft. supported.

z z

Prob. 3-62
Prob. 3-60
3-63. The crate has a mass of 130 kg. Determine the
3-61. Determine the tension in each cable for equilibrium. tension developed in each cable for equilibrium.
z
800 N
__3A
/
D 5m /437
4 m \ Cﬁ
2m

4m‘7/B

=

Prob. 3-61 Prob. 3-63
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*3-64. If cable AD is tightened by a turnbuckle and
develops a tension of 1300 1b, determine the tension
developed in cables AB and AC and the force developed
along the antenna tower AE at point A.

Prob. 3-64

3-65. If the tension developed in either cable AB or AC
can not exceed 1000 1b, determine the maximum tension
that can be developed in cable AD when it is tightened by
the turnbuckle. Also, what is the force developed along the
antenna tower at point A?

Prob. 3-65

3-66. Determine the tension developed in cables AB, AC,
and AD required for equilibrium of the 300-1b crate.

Prob. 3—66

3-67. Determine the maximum weight of the crate so that
the tension developed in any cable does not exceed 450 Ib.

1ft%l

Prob. 3-67
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. CHAPTER REVIEW

Particle Equilibrium

When a particle is at rest or moves with
constant -Veloc1ty, it is in equ111br1um. Fr=3F=0
This requires that all the forces acting on F, F,
the particle form a zero resultant force.

In order to account for all the forces that
act on a particle, it is necessary to draw
its free-body diagram. This diagram is an
outlined shape of the particle that shows
all the forces listed with their known or
unknown magnitudes and directions.

F4 F3

Two Dimensions

If the problem involves a linearly elastic
spring, then the stretch or compression s F = ks
of the spring can be related to the force
applied to it.

The tensile force developed in a
continuous cable that passes over a
frictionless pulley must have a constant
magnitude throughout the cable to keep

the cable in equilibrium. -—
0

The two scalar equations of force

equilibrium can be applied with reference SF. =0

to an established x, y coordinate system. 2F, = r

Three Dimensions

If the three-dimensional geometry is SF=0
difficult to visualize, then the equilibrium

equation should be applied using a SF, =0
Cartesian vector analysis. This requires 2F, =0
first expressing each force on the free- 3F, =

body diagram as a Cartesian vector.
When the forces are summed and set
equal to zero, then the i, j, and k
components are also zero.
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. REVIEW PROBLEMS

All problem solutions must include an FBD. R3-3. Determine the maximum weight of the flowerpot

o . . that can be supported without exceeding a cable tension of
R3-1. The pipe is held in place by the vise. If the bolt 50 1b in either cable AB or AC.

exerts a force of 50 1b on the pipe in the direction shown,
determine the forces F,4 and Fp that the smooth contacts at
A and B exert on the pipe.

—
SR

Prob. R3-3
Prob. R3-1

R3-2. Determine the maximum weight of the engine that R3-4. When yis 810, the springs sus.tain a f(?rce of 60 Ib.
can be supported without exceeding a tension of 450 Ib in Determine the magnitude of the applied vertical forces F
chain AB and 480 Ib in chain AC. and —F required to pull point A away from point B a

distance of y = 2 ft. The ends of cords CAD and CBD are

attached to rings at C and D.

C

B 30° F
© £ :
A

4 =¢ww¢v=é
k = 40 Ib /it

Prob. R3-2 Prob. R3-4
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R3-5. The joint of a space frame is subjected to four R3-7. Determine the force in each cable needed to
member forces. Member OA lies in the x—y plane and support the 500-1b load.

member OB lies in the y-z plane. Determine the force

acting in each of the members required for equilibrium of

the joint.

Prob. R3-7

Prob. R3-5

R3-8. If cable AB is subjected to a tension of 700 N,
determine the tension in cables AC and AD and the
magnitude of the vertical force F.

R3-6. Determine the magnitudes of F;, F,, and F; for

equilibrium of the particle.

F
A
D 6 m %Zm
) C
3m
/ 1.5m
y
6m 0 21

3m—"p

Prob. R3-6 Prob. R3-8



	3. Equilibrium of a Particle
	Chapter Objectives
	3.1 Condition for the Equilibrium of a Particle
	3.2 The Free-Body Diagram
	3.3 Coplanar Force Systems
	3.4 Three-Dimensional Force Systems
	Chapter Review


