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Objective of a Load Flow Study 

For A specific  Loading ( active and 
reactive )power, The load flow study is 
applied to calculate the bus voltage 
magnitude and angle  (|V|∟δ )  at each 
bus. Also, the power flow in the 
transmission lines and the line losses can 
be calculated.  
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Description of the problem  

A load flow problem is a nonlinear one. A multiple solution can   

be obtained. Some of the solutions are infeasible solutions. 

Example 1 

     Find the bus voltages at bus 2 for the following two bus DC   power system. 

   𝑰 =
𝑽𝟏−𝑽𝟐

𝑹
  …………… 𝟏  

𝑷𝒅 = 𝑽𝟐 ∗ 𝑰…… . 𝟐  

      Substituting (2) into (1)  and rearranging yield:  

 𝑽𝟐
𝟐 − 𝟏𝟐𝑽𝟐 + 𝑷𝒅 = 𝟎……(𝟑) 

The voltage at bus 2 can be calculated using the formula of equation(4), the results obtained is 

given in Table 1 

  

Load Pd (W) 

Line resistance 

R=1 Ω 

  
E= 12 V 

  

Bus 2 

  

Bus 1 

  

Two bus DC power system 
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Loading condition 

Pd (Watts) 

High solution 

V2 (Volts) 

Low solution 

V2 (Volts) 
 

0 12 0 No load condition 

11 11 1  

20 10 2  

27 9 3  

32 8 4  

35 7 5  

35.75 6.5 5.5  

35.9375 6.25 5.75  

36 6 6 Maximum loadability point( one solution) 

 

Table 1 Voltage solutions for different loading conditions 

𝑽𝟐 =
−𝑽𝟏 ± 𝑽𝟏

𝟐 − 𝟒𝑷𝒅

𝟐
……(𝟒) 
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𝑽𝟐 = 𝑭 𝑽𝟐 ………………………… . . (𝟓) 

𝑽𝟐 =
−𝟐𝟎

𝑽𝟐 − 𝟏𝟐
………………………… . . (𝟔) 

𝑽𝟐 = 𝟏𝟐𝑽𝟐 − 𝟐𝟎…………………………… . . (𝟕) 

𝑽𝟐
𝟐 − 𝟏𝟐𝑽𝟐 + 𝟐𝟎 = 𝟎    𝒇𝒐𝒓 𝑷𝒅 = 𝟐𝟎 𝒘𝒂𝒕𝒕𝒔 

𝑻𝒉𝒆 𝒏𝒐𝒏𝒍𝒊𝒏𝒆𝒂𝒓 𝒂𝒍𝒈𝒆𝒃𝒓𝒂𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒂𝒃𝒐𝒗𝒆 𝒄𝒂𝒏 𝒃𝒆 𝒓𝒆𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔 𝒇𝒐𝒍𝒍𝒐𝒘 
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Iteration 

No. (
k
) 

V2
k
 V2

k+1
 

1 8 5 

2 5 2.857 

3 2.857 2.187 

4 2.187 2.038 

5 2.038 2.0076 

6 2.0076 2.0015 

7 2.0015 2.0003 

8 2.0003 2.00006 

Solution is converged 
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Iteration 

No. (
k
) 

V2
k
 V2

k+1
 

1 14 12.165 

2 12.165 11.224 

3 11.224 10.709 

4 10.709 10.416 

5 10.416 10.247 

6 10.247 10.147 

7 10.147 10.087 

8 10.087 10.052 

9 10.052 10.0315 

10 10.0315 10.0188 

11 10.0188 10.0113 

12 10.0113 10.0067 

13 10.0067 10.0040 

14 10.0040 10.0024 

15 10.0024 10.0014 

16 10.0014 10.0008 

Solution is converged 
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Derivation of load flow equations for a DC system 

 
R 

  

RLine 

R 

  

Bus 2 Bus 1 

Nodal voltage method by applying KCL 

IG1 

  ID1 

  
ID2 

  

IG2 

  

𝑰𝟏 
= 

𝒀𝟏𝟏 𝒀𝟏𝟐  𝑽𝟏 

𝑰𝟐 𝒀𝟐𝟏 𝒀𝟐𝟐 𝑽𝟐 
 



𝑰𝟏 
= 

𝒀𝟏𝟏 𝒀𝟏𝟐  𝑽𝟏 

𝑰𝟐 𝒀𝟐𝟏 𝒀𝟐𝟐 𝑽𝟐 
 

𝑷𝑮𝟏 − 𝑷𝑫𝟏

𝑽𝟏
 

= 

𝒀𝟏𝟏 𝒀𝟏𝟐 

 

𝑽𝟏 

𝑷𝑮𝟐 − 𝑷𝑫𝟐

𝑽𝟐
 𝒀𝟐𝟏 𝒀𝟐𝟐 𝑽𝟐 

 

𝑷𝑮𝟐 − 𝑷𝑫𝟐

𝑽𝟐
 = 𝒀𝟐𝟏𝑽𝟏 + 𝒀𝟐𝟐𝑽𝟐 

𝑽𝟐 =
𝟏

𝒀𝟐𝟐
 
(𝑷𝑮𝟐 − 𝑷𝑫𝟐)

𝑽𝟐
−  𝒀𝟐𝟏𝑽𝟏   

𝑰𝟏 
= 

𝑰𝑮𝟏 − 𝑰𝑫𝟏 
= 

𝑷𝑮𝟏

𝑽𝟏
−

𝑷𝑫𝟏

𝑽𝟏
 

= 

𝑷𝑮𝟏 − 𝑷𝑫𝟏

𝑽𝟏
 

𝑰𝟐 𝑰𝑮𝟐 − 𝑰𝑫𝟐 
𝑷𝑮𝟐

𝑽𝟐
−

𝑷𝑫𝟐

𝑽𝟐
 

𝑷𝑮𝟐 − 𝑷𝑫𝟐

𝑽𝟐
 

 



Load Pd (W) 

Line resistance 

R=1 Ω 

  
E= 12 V 

  

Bus 2 

  

Bus 1 

  

Two bus DC power system 

  

𝑽𝟐 =
𝟏

𝒀𝟐𝟐
 
(𝑷𝑮𝟐 − 𝑷𝑫𝟐)

𝑽𝟐
−  𝒀𝟐𝟏𝑽𝟏   

𝑷𝑮𝟐 = 𝟎      𝑷𝑫𝟐 = 𝟐𝟎       𝒀𝟐𝟏 = −𝟏     𝒀𝟐𝟐 = 𝟏 

𝑽𝟐 =
𝟏

𝟏
 
(𝟎 − 𝟐𝟎)

𝑽𝟐
−  −𝑽𝟏   

𝑽𝟐 =
−𝟐𝟎

𝑽𝟐
+ 𝑽𝟏 

𝑽𝟐
𝒊𝒕𝒓+𝟏 =

−𝟐𝟎

𝑽𝟐
𝒊𝒕𝒓

+ 𝟏𝟐 

Iteration 

no. 
𝑽𝟐

𝒊𝒕𝒓 𝑽𝟐
𝒊𝒕𝒓+𝟏 

1 3 5.333 

2 5.333 8.25 

3 8.25 9.575 

4 9.575 9.9113 

5 9.9113 9.9821 

6 9.982 9.9963 

7 9.9963 9.99927 

8 9.99927 9.99985 

Solution converged to 𝑽𝟐 = 𝟗. 𝟗𝟗𝟗𝟖𝟓 
 



𝒔𝒕𝒂𝒓𝒕𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒄𝒆𝒆𝒔 𝒘𝒊𝒕𝒉 𝒂 𝒈𝒖𝒆𝒔𝒔 𝒗𝒂𝒍𝒖𝒆  𝑽𝟐
𝟎 = 𝟏𝟐 

Iteration 

no. 
𝑽𝟐

𝒊𝒕𝒓 𝑽𝟐
𝒊𝒕𝒓+𝟏 

1 12 10.333 

2 10.333 10.06 

3 10.06 10.012 

4 10.012 10.0025 

5 10.0025 10.0005 

Solution converged to 𝑽𝟐 = 𝟏𝟎. 𝟎𝟎𝟎𝟓 
 

Load2 

 PD2 =20 W 

Line resistance 

R=1 Ω 

  

Bus 2 

  

Bus 1 

  

Two bus DC power system 

  

Load1 

 PD1=16 W 

G2 

  

G1 

  G2=15 W 

  

G1=? 

  

 𝑷𝑮 =  𝑷𝑫 +  𝑷𝑳𝒐𝒔𝒔𝒆𝒔 

  

𝑰𝟏 

= 

𝑰𝑮𝟏 − 𝑰𝑫𝟏 𝑷𝑮𝟏 − 𝒋𝑸𝑮𝟏

𝑽𝟏
∗ −

𝑷𝑫𝟏 − 𝒋𝑸𝑫𝟏

𝑽𝟏
∗  

(𝑷𝑮𝟏 − 𝑷𝑫𝟏) − 𝒋(𝑸𝑮𝟏 − 𝑸𝑫𝟏)

𝑽𝟏
∗  

𝑰𝟐 𝑰𝑮𝟐 − 𝑰𝑫𝟐 𝑷𝑮𝟐 − 𝒋𝑸𝑮𝟐

𝑽𝟐
∗ −

𝑷𝑫𝟐 − 𝒋𝑸𝑫𝟐

𝑽𝟐
∗  

(𝑷𝑮𝟐 − 𝑷𝑫𝟐) − 𝒋(𝑸𝑮𝟐 − 𝑸𝑫𝟐)

𝑽𝟐
∗  
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 In an AC three-phase power system of n bus, the state variables are: 

 |𝑉|𝑘
𝑝
 𝑠𝑡𝑛𝑎𝑑 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑣𝑜𝑙𝑡𝑎𝑔𝑒 𝑚𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 𝑜𝑓 𝑝ℎ𝑎𝑠𝑒 𝑝 𝑎𝑡 𝑏𝑢𝑠 𝑘  

 δ𝑘
𝑝
 𝑠𝑡𝑛𝑎𝑑 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑣𝑜𝑙𝑡𝑎𝑔𝑒 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑝ℎ𝑎𝑠𝑒 𝑝 𝑎𝑡 𝑏𝑢𝑠 𝑘 

 

 The given (specified) data from a forecasting process are: 

 𝑃𝑑𝑘
𝑝
 𝑠𝑡𝑛𝑎𝑑 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑎𝑐𝑡𝑖𝑣𝑒 𝑝𝑜𝑤𝑒𝑟 𝑑𝑒𝑚𝑎𝑛𝑑 𝑜𝑓 𝑝ℎ𝑎𝑠𝑒 𝑝 𝑎𝑡 𝑏𝑢𝑠 𝑘 

 𝑄𝑑𝑘
𝑝

 𝑠𝑡𝑛𝑎𝑑 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐𝑡𝑖𝑣𝑒 𝑝𝑜𝑤𝑒𝑟 𝑑𝑒𝑚𝑎𝑛𝑑 𝑜𝑓 𝑝ℎ𝑎𝑠𝑒 𝑝 𝑎𝑡 𝑏𝑢𝑠 𝑘 

 𝑃𝑔𝑘
𝑝
 𝑠𝑡𝑛𝑎𝑑 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑎𝑐𝑡𝑖𝑣𝑒 𝑝𝑜𝑤𝑒𝑟 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝ℎ𝑎𝑠𝑒 𝑝 𝑎𝑡 𝑏𝑢𝑠 𝑘 

 𝑄𝑑𝑘
𝑝

 𝑠𝑡𝑛𝑎𝑑 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐𝑡𝑖𝑣𝑒 𝑝𝑜𝑤𝑒𝑟 𝑑𝑒𝑚𝑎𝑛𝑑 𝑜𝑓 𝑝ℎ𝑎𝑠𝑒 𝑝 𝑎𝑡 𝑏𝑢𝑠 𝑘 

 

 The specified power at bus i is given as:  

 𝑷𝒊 + 𝒋𝑸𝒊 = 𝑷𝒈𝒊 − 𝑷𝒅𝒊 + 𝒋 𝑸𝒈𝒊 − 𝑸𝒅𝒊 ……(𝟖) 
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 On the assumptions of a balanced system and adoption of an appropriate Per 

unit system, the steady state behavior of n bus power system can be 

described by the following system of equations: 

 𝑰𝟏 = 𝒀𝟏𝟏𝑽𝟏 + 𝒀𝟏𝟐𝑽𝟐 + ⋯+ 𝒀𝟏𝒌𝑽𝒌 + ⋯+ 𝒀𝟏𝒏𝑽𝒏  

 .          . .           .  .            .       .    .         .         .   . 

 𝑰𝒌 = 𝒀𝒌𝟏𝑽𝟏 + 𝒀𝒌𝟐𝑽𝟐 + ⋯+ 𝒀𝒌𝒌𝑽𝒌 + ⋯+ 𝒀𝒌𝒏𝑽𝒏 

  .         .  .            .   .         .        .    .        .        .    . 

  𝑰𝒏 = 𝒀𝒏𝟏𝑽𝟏 + 𝒀𝒏𝟐𝑽𝟐 + ⋯+ 𝒀𝒏𝒌𝑽𝒌 + ⋯+ 𝒀𝒏𝒏𝑽𝒏 

 Where, 

  𝑰𝒌  stands for the complex injected current at bus 𝒌 

 𝒀𝒊𝒌 stands for the 𝒊, 𝒌 𝒕𝒉 element of the bus admittance matrix 

  𝑽𝒌  stands for the complex bus voltage  at bus 𝒌 
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𝑰𝒌 =  𝒀𝒌𝒊𝑽𝒊

𝒏

𝒊=𝟏

…………………………… 𝟗  

     Using Polar Coordinates 

𝒀𝒌𝒊 = 𝒀𝒌𝒊 ∠𝜸𝒌𝒊   

𝑽𝒌 = 𝑽𝒌 ∠𝜹𝒌 

𝑺𝒌 = 𝑽𝒌𝑰𝒌
∗  

𝑰𝒌 =
𝑺𝒌

∗

𝑽𝒌
∗ =

𝑷𝒌 − 𝒋𝑸𝒌

𝑽𝒌
∗  

𝑷𝒌 − 𝒋𝑸𝒌 = 𝑽𝒌
∗  𝒀𝒌𝒊𝑽𝒊

𝒏

𝒊=𝟏

 ……… . . . 𝟏𝟎  

𝑷𝒌 =  𝑽𝒌

𝒏

𝒊=𝟏

𝑽𝒊 𝒀𝒌𝒊 𝒄𝒐𝒔 𝜸𝒌𝒊 + 𝜹𝒊 − 𝜹𝒌 … 𝟏𝟏  

𝑸𝒌 = − 𝑽𝒌

𝒏

𝒊=𝟏

𝑽𝒊 𝒀𝒌𝒊 𝒔𝒊𝒏 𝜸𝒌𝒊 + 𝜹𝒊 − 𝜹𝒌 … 𝟏𝟐  
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Classification of Buses 
Bus type Specified variables Unknown variables 

Load bus 
(Major of buses) 

Active power P 

Reactive power Q 

Voltage magnitude ǀVǀ 

Voltage angle δ 

Voltage controlled  bus 
( equipped with a VAR source) 

Active power P 

Voltage magnitude ǀVǀ 

Voltage angle δ 

Reactive power Q 

Slack (Reference) bus 
(one bus with larger units) 

Voltage magnitude ǀVǀ 

Voltage angle δ=0
o
 

Active power P 

Reactive power Q 
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Solution of a load flow problem by Gauss-Seidel 

Equation (10) can be written as: 

𝑷𝒌 − 𝒋𝑸𝒌

𝑽𝒌
∗ =  𝒀𝒌𝒊𝑽𝒊

𝒏

𝒊=𝟏

……………(𝟏𝟑) 

  

For bus k 

𝑷𝒌 − 𝒋𝑸𝒌

𝑽𝒌
∗ = 𝒀𝒌𝒌𝑽𝒌 +  𝒀𝒌𝒊𝑽𝒊

𝒏

𝒊=𝟏
𝒊≠𝒌

……………(𝟏𝟒) 

  

𝑽𝒌 =
𝟏

𝒀𝒌𝒌

𝑷𝒌 − 𝒋𝑸𝒌

𝑽𝒌
∗ −  𝒀𝒌𝒊𝑽𝒊

𝒏

𝒊=𝟏
𝒊≠𝒌

 ……………… . (𝟏𝟓) 
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Solved example of Gauss-Seidel 

Slack bus 

Fig. (1) 

Sd3 = 138.6+j45.2  MVA 

Sd3 = 1.386+j0.452  pu 

  

Pg1?  

Qg1? 

V1=1.05∠0o p.u. 

2 

3 

1 0.02+j 0.04 pu 

0.01+j 0.03 pu 0.0124+j 0.025 pu 

Sd3 = 256.6+j110.2  MVA 

Sd3 = 2.566+j 1.102  pu 

  

Slack bus 

Fig. (1) 

Sd3 = 138.6+j45.2  MVA 

Sd3 = 1.386+j0.452  pu 

  

Pg1?  

Qg1? 

V1=1.05∠0o p.u. 

2 

3 

1 10-j20 pu 

10-j30 pu 16-j32 pu 

Sd3 = 256.6+j110.2  MVA 

Sd3 = 2.566+j 1.102  pu 

  



Ybus = 

20 -j50 pu -10+j20 pu -10+j30 pu 

-10+j20 pu 26-j52 pu -16+j32 pu 

-10+j30 pu -16+j32 pu 26-j62 pu 
 

𝑽𝟐
(𝟏)

=
𝟏

𝒀𝟐𝟐
 
𝑷𝟐 − 𝒋𝑸𝟐

𝑽𝟐
∗ −  𝒀𝟐𝟏𝑽𝟏 + 𝒀𝟐𝟑𝑽𝟑   

𝐵𝑦 𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝑓𝑙𝑎𝑡 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 (𝑔𝑢𝑒𝑠𝑠)𝑣𝑎𝑙𝑢𝑒𝑠 𝑓𝑜𝑟 𝑉2  &𝑉3  

𝑽𝟐
(𝟏)

= 𝟎. 𝟗𝟖𝟐𝟓 − 𝒋𝟎. 𝟎𝟑𝟏𝟎 𝒑𝒖 

𝑽𝟑
(𝟏)

=
𝟏

𝒀𝟑𝟑
 
𝑷𝟑 − 𝒋𝑸𝟑

𝑽𝟑
∗ −  𝒀𝟑𝟏𝑽𝟏 + 𝒀𝟑𝟐𝑽𝟐   

𝑽𝟐
(𝟎)

= 𝟏. 𝟎 + 𝒋𝟎 𝒑𝒖; 𝑽𝟑
(𝟎)

= 𝟏. 𝟎 + 𝒋𝟎 𝒑𝒖 

𝑽𝟑
(𝟏)

=
𝟏

𝟐𝟔 − 𝒋𝟔𝟐  
 
−𝟏. 𝟑𝟖𝟔 − (−𝒋𝟎. 𝟒𝟓𝟐)  

(𝟏 − 𝒋𝟎)
−  (−𝟏𝟎 + 𝒋𝟑𝟎  )(𝟏. 𝟎𝟓 + 𝒋𝟎) + (−𝟏𝟔 + 𝒋𝟑𝟐 )(𝟎. 𝟗𝟖𝟐𝟓 + 𝒋𝟎. 𝟎𝟑𝟏𝟎 )   

𝑽𝟑
(𝟏)

= 𝟏. 𝟎𝟎𝟏𝟏 − 𝒋𝟎. 𝟎𝟑𝟓𝟑 𝒑𝒖 

∗ 𝑻𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏 

𝑽𝒌
(𝒊𝒕𝒓+𝟏)

=
𝟏

𝒀𝒌𝒌

 
 
 
 
 
𝑷𝒌 − 𝒋𝑸𝒌

𝑽𝒌
𝒊𝒕𝒓

−  𝒀𝒌𝒋𝑽𝒋

𝒏

𝒋=𝟏
𝒋≠𝒌  

 
 
 
 

 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝒕𝒐 𝒄𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆 𝒕𝒉𝒆 𝒗𝒐𝒍𝒕𝒂𝒈𝒆 𝒂𝒕 𝒃𝒖𝒔 𝒌 

𝑽𝟐
(𝟏)

=
𝟏

𝟐𝟔 − 𝒋𝟓𝟐 
 
−𝟐. 𝟓𝟔𝟔 − (−𝒋 𝟏. 𝟏𝟎𝟐  )

(𝟏 − 𝒋𝟎)
−  (−𝟏𝟎 + 𝒋𝟐𝟎 )(𝟏. 𝟎𝟓 + 𝒋𝟎) + (−𝟏𝟔 + 𝒋𝟑𝟐 )(𝟏 + 𝒋𝟎)   



∗ 𝑻𝒉𝒆 𝒔𝒆𝒄𝒐𝒏𝒅 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏 

𝑽𝟐
(𝟐)

=
𝟏

𝟐𝟔 − 𝒋𝟓𝟐 
 
−𝟐. 𝟓𝟔𝟔 − (−𝒋 𝟏. 𝟏𝟎𝟐  )

(𝟎. 𝟗𝟖𝟐𝟓 + 𝒋𝟎. 𝟎𝟑𝟏𝟎)
−  (−𝟏𝟎 + 𝒋𝟐𝟎 )(𝟏. 𝟎𝟓 + 𝒋𝟎) + (−𝟏𝟔 + 𝒋𝟑𝟐 )(𝟏. 𝟎𝟎𝟏𝟏 − 𝒋𝟎. 𝟎𝟑𝟓𝟑 )   

𝑽𝟐
(𝟐)

= 𝟎. 𝟗𝟖𝟏𝟔 − 𝒋𝟎. 𝟎𝟓𝟐𝟎 𝒑𝒖 

𝑽𝟑
(𝟐)

=
𝟏

𝟐𝟔 − 𝒋𝟔𝟐  
 
−𝟏. 𝟑𝟖𝟔 − (−𝒋𝟎. 𝟒𝟓𝟐)  

(𝟏. 𝟎𝟎𝟏𝟏 + 𝒋𝟎. 𝟎𝟑𝟓𝟑 )
−  (−𝟏𝟎 + 𝒋𝟑𝟎  )(𝟏. 𝟎𝟓 + 𝒋𝟎) + (−𝟏𝟔 + 𝒋𝟑𝟐 )(𝟎. 𝟗𝟖𝟏𝟔 + 𝒋𝟎. 𝟎𝟓𝟐𝟎 )   

𝑽𝟑
(𝟐)

= 𝟏. 𝟎𝟎𝟎𝟖 − 𝒋𝟎. 𝟎𝟒𝟓𝟗𝒑𝒖 

∗ 𝑻𝒉𝒆 𝒕𝒉𝒊𝒓𝒅 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏 

𝑽𝟐
(𝟑)

=
𝟏

𝟐𝟔 − 𝒋𝟓𝟐 
 
−𝟐. 𝟓𝟔𝟔 − (−𝒋 𝟏. 𝟏𝟎𝟐  )

(𝟎. 𝟗𝟖𝟏𝟔 + 𝒋𝟎. 𝟎𝟓𝟐𝟎)
−  (−𝟏𝟎 + 𝒋𝟐𝟎 )(𝟏. 𝟎𝟓 + 𝒋𝟎) + (−𝟏𝟔 + 𝒋𝟑𝟐 )(𝟏. 𝟎𝟎𝟎𝟖 − 𝒋𝟎. 𝟎𝟒𝟓𝟗 )   

𝑽𝟐
(𝟑)

= 𝟎. 𝟗𝟖𝟎𝟖 − 𝒋𝟎. 𝟎𝟓𝟕𝟖 𝒑𝒖 

𝑽𝟑
(𝟑)

=
𝟏

𝟐𝟔 − 𝒋𝟔𝟐  
 
−𝟏. 𝟑𝟖𝟔 − (−𝒋𝟎. 𝟒𝟓𝟐)  

(𝟏. 𝟎𝟎𝟎𝟖 + 𝒋𝟎. 𝟎𝟒𝟓𝟗 )
−  (−𝟏𝟎 + 𝒋𝟑𝟎  )(𝟏. 𝟎𝟓 + 𝒋𝟎) + (−𝟏𝟔 + 𝒋𝟑𝟐 )(𝟎. 𝟗𝟖𝟎𝟖 − 𝒋𝟎. 𝟎𝟓𝟕𝟖 )   

𝑽𝟑
(𝟑)

= 𝟏. 𝟎𝟎𝟎𝟒 − 𝒋𝟎. 𝟎𝟒𝟖𝟖𝒑𝒖 

𝑻𝒉𝒆 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒄𝒆𝒔𝒔 𝒊𝒔 𝒄𝒐𝒏𝒓𝒊𝒏𝒖𝒆𝒅 𝒂𝒏𝒅 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔 𝒄𝒐𝒏𝒗𝒆𝒓𝒈𝒆𝒅 𝒘𝒊𝒕𝒉 𝒂𝒏  

𝒂𝒄𝒄𝒖𝒓𝒂𝒄𝒚 𝒐𝒇 𝟓𝒙𝟏𝟎−𝟓 𝒑𝒖 𝒊𝒏 𝒔𝒆𝒗𝒆𝒏 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏𝒔 𝒂𝒔 𝒇𝒐𝒍𝒍𝒐𝒘: 



𝑽𝟐
(𝟒)

= 𝟎. 𝟗𝟖𝟎𝟑 − 𝒋𝟎. 𝟎𝟓𝟗𝟒 𝒑𝒖   𝑽𝟑
(𝟒)

= 𝟏. 𝟎𝟎𝟎𝟐 − 𝒋𝟎. 𝟎𝟒𝟗𝟕𝒑𝒖                   

𝑽𝟐
(𝟓)

= 𝟎. 𝟗𝟖𝟎𝟏 − 𝒋𝟎. 𝟎𝟓𝟗𝟖 𝒑𝒖   𝑽𝟑
(𝟓)

= 𝟏. 𝟎𝟎𝟎𝟏 − 𝒋𝟎. 𝟎𝟒𝟗𝟗𝒑𝒖                   

𝑽𝟐
(𝟔)

= 𝟎. 𝟗𝟖𝟎𝟏 − 𝒋𝟎. 𝟎𝟓𝟗𝟗 𝒑𝒖   𝑽𝟑
(𝟔)

= 𝟏. 𝟎𝟎𝟎𝟎 − 𝒋𝟎. 𝟎𝟓𝟎𝟎𝒑𝒖                   

𝑽𝟐
(𝟕)

= 𝟎. 𝟗𝟖𝟎𝟎 − 𝒋𝟎. 𝟎𝟔𝟎𝟎 𝒑𝒖   𝑽𝟑
(𝟕)

= 𝟏. 𝟎𝟎𝟎𝟎 − 𝒋𝟎. 𝟎𝟓𝟎𝟎𝒑𝒖                   



𝑪𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒍𝒂𝒄𝒌 𝒑𝒐𝒘𝒆𝒓 

𝑺𝟏
∗ = 𝑷𝟏 − 𝒋𝑸𝟏 = 𝑽𝟏

∗  𝒀𝟏𝒌𝑽𝒌

𝒏

𝒌=𝟏

 

𝑷𝟏 − 𝒋𝑸𝟏 = 𝟒. 𝟎𝟗𝟓 − 𝒋𝟏. 𝟖𝟗 𝒑𝒖 = 𝟒𝟎𝟗. 𝟓 𝑴𝑾 − 𝒋𝟏𝟖𝟗 𝑴𝑽𝑨𝒓 

∗ 𝑭𝒐𝒓 𝒍𝒊𝒏𝒆 𝒄𝒐𝒏𝒏𝒆𝒄𝒕𝒊𝒏𝒈 𝒃𝒖𝒔 𝟏 𝒕𝒐 𝒃𝒖𝒔 𝟐 

𝑺𝟏𝟐 = 𝑽𝟏𝑰𝟏𝟐
∗

 

𝑰𝟏𝟐 =
𝑽𝟏 − 𝑽𝟐

𝒁𝟏𝟐
=

(𝟏. 𝟎𝟓 − 𝒋𝟎) − (𝟎. 𝟗𝟖𝟎𝟎 − 𝒋𝟎. 𝟎𝟔𝟎𝟎)

𝟎. 𝟎𝟐 + 𝒋 𝟎. 𝟎𝟒 
 

𝑰𝟏𝟐 = 𝟏. 𝟗 − 𝒋𝟎. 𝟖 𝒑𝒖 

𝑺𝟏𝟐 = 𝑷𝟏𝟐 + 𝒋𝑸𝟏𝟐 = (𝟏. 𝟎𝟓 + 𝒋𝟎)(𝟏. 𝟗 + 𝒋𝟎. 𝟖) 

𝑺𝟏𝟐 = 𝟏. 𝟗𝟗𝟓 + 𝒋𝟎. 𝟖𝟒 𝒑𝒖 = 𝟏𝟗𝟗. 𝟓 𝑴𝑾 + 𝒋𝟖𝟒 𝑴𝑽𝑨𝒓 

𝑪𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝑳𝒊𝒏𝒆 𝒑𝒐𝒘𝒆𝒓 𝒇𝒍𝒐𝒘 & 𝒍𝒐𝒔𝒔𝒆𝒔 

𝑷𝟏 − 𝒋𝑸𝟏 = (𝟏. 𝟎𝟓 − 𝒋𝟎) (𝟐𝟎 − 𝒋𝟓𝟎 )(𝟏. 𝟎𝟓 + 𝒋𝟎) + (−𝟏𝟎 + 𝒋𝟐𝟎 )(𝟎. 𝟗𝟖𝟎𝟎 − 𝒋𝟎. 𝟎𝟔𝟎𝟎)

+ (−𝟏𝟎 + 𝒋𝟑𝟎 )(𝟏. 𝟎𝟎𝟎𝟎 − 𝒋𝟎. 𝟎𝟓𝟎𝟎)  



𝑺𝟐𝟏 = 𝑽𝟐𝑰𝟐𝟏
∗

 

𝑰𝟐𝟏 = −𝑰𝟏𝟐 = −𝟏. 𝟗 + 𝒋𝟎. 𝟖 𝒑𝒖 

𝑺𝟐𝟏 = 𝑷𝟐𝟏 + 𝒋𝑸𝟐𝟏 = (𝟎. 𝟗𝟖𝟎𝟎 − 𝒋𝟎. 𝟎𝟔𝟎𝟎)(−𝟏. 𝟗 − 𝒋𝟎. 𝟖) 

𝑺𝟐𝟏 = −𝟏. 𝟗𝟏 − 𝒋𝟎. 𝟔𝟕 𝒑𝒖 = −𝟏𝟗𝟏 𝑴𝑾 − 𝟔𝟕 𝑴𝑽𝑨𝒓 

∗ 𝑭𝒐𝒓 𝒍𝒊𝒏𝒆 𝒄𝒐𝒏𝒏𝒆𝒄𝒕𝒊𝒏𝒈 𝒃𝒖𝒔 𝟏 𝒕𝒐 𝒃𝒖𝒔 𝟑 

𝑺𝟏𝟐
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝑷𝟏𝟐

𝒍𝒐𝒔𝒔𝒆𝒔 + 𝒋𝑸𝟏𝟐
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝑺𝟏𝟐 + 𝑺𝟐𝟏 

𝑺𝟏𝟐
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝟕. 𝟓 𝑴𝑾 + 𝒋𝟏𝟕 𝑴𝑽𝑨𝒓 

𝑰𝟏𝟑 = 𝟐. 𝟎 − 𝒋𝟏. 𝟎 𝒑𝒖 

𝑺𝟏𝟑 = 𝑽𝟏𝑰𝟏𝟑
∗

 

𝑺𝟏𝟑 = 𝑷𝟏𝟑 + 𝒋𝑸𝟏𝟑 = (𝟏. 𝟎𝟓 + 𝒋𝟎)(𝟐. 𝟎 + 𝒋𝟏. 𝟎) 

𝑺𝟏𝟑 = 𝟐. 𝟏 + 𝒋𝟏. 𝟎𝟓𝒑𝒖 = 𝟐𝟏𝟎 𝑴𝑾 + 𝒋 𝟏𝟎𝟓 𝑴𝑽𝑨𝒓 

𝑺𝟑𝟏 = 𝑽𝟑𝑰𝟑𝟏
∗

 

𝑺𝟑𝟏 = 𝑷𝟑𝟏 + 𝒋𝑸𝟑𝟏 = (𝟏. 𝟎𝟎𝟎𝟎 − 𝒋𝟎. 𝟎𝟓𝟎𝟎)(−𝟐. 𝟎 − 𝒋𝟏. 𝟎) 

𝑺𝟑𝟏 = 𝑷𝟑𝟏 + 𝒋𝑸𝟑𝟏 = −𝟐. 𝟎𝟓 − 𝒋𝟎. 𝟗 𝒑𝒖 = −𝟐𝟎𝟓 𝑴𝑾 − 𝒋𝟗𝟎 𝑴𝑽𝑨𝒓 

𝑺𝟏𝟐
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝟏𝟗𝟗. 𝟓 𝑴𝑾 + 𝒋𝟖𝟒 𝑴𝑽𝑨𝒓 + (−𝟏𝟗𝟏 𝑴𝑾 − 𝟔𝟕 𝑴𝑽𝑨𝒓) 



𝑺𝟏𝟑
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝑷𝟏𝟑

𝒍𝒐𝒔𝒔𝒆𝒔 + 𝒋𝑸𝟏𝟑
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝑺𝟏𝟑 + 𝑺𝟑𝟏 

𝑺𝟏𝟑
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝟐𝟏𝟎 𝑴𝑾 + 𝒋 𝟏𝟎𝟓 𝑴𝑽𝑨𝒓 + (−𝟐𝟎𝟓 𝑴𝑾 − 𝒋𝟗𝟎 𝑴𝑽𝑨𝒓) 

𝑺𝟏𝟑
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝟓 𝑴𝑾 + 𝒋𝟏𝟓 𝑴𝑽𝑨𝒓 

∗ 𝑭𝒐𝒓 𝒍𝒊𝒏𝒆 𝒄𝒐𝒏𝒏𝒆𝒄𝒕𝒊𝒏𝒈 𝒃𝒖𝒔𝟐𝒕𝒐 𝒃𝒖𝒔 𝟑 

𝑰𝟐𝟑 = −𝟎. 𝟔𝟒 + 𝒋𝟎. 𝟒𝟖 𝒑𝒖 

𝑺𝟐𝟑 = 𝑽𝟐𝑰𝟐𝟑
∗

 

𝑺𝟐𝟑 = 𝑷𝟐𝟑 + 𝒋𝑸𝟐𝟑 = (𝟎. 𝟗𝟖𝟎𝟎 − 𝒋𝟎. 𝟎𝟔𝟎𝟎 )(−𝟎. 𝟔𝟒 − 𝒋𝟎. 𝟒𝟖) 

𝑺𝟐𝟑 = 𝑷𝟐𝟑 + 𝒋𝑸𝟐𝟑 = −𝟎. 𝟔𝟓𝟔 − 𝒋𝟎. 𝟒𝟑𝟐 = −𝟔𝟓. 𝟔 𝑴𝑾 − 𝒋𝟒𝟑. 𝟐 𝑴𝑽𝑨𝒓 

𝑺𝟑𝟐 = 𝑽𝟑𝑰𝟑𝟐
∗

 

𝑺𝟑𝟐 = 𝑷𝟑𝟐 + 𝒋𝑸𝟑𝟐 = (𝟏. 𝟎𝟎𝟎𝟎 − 𝒋𝟎. 𝟎𝟓𝟎 )(𝟎. 𝟔𝟒 + 𝒋𝟎. 𝟒𝟖) 

𝑺𝟑𝟐 = 𝑷𝟑𝟐 + 𝒋𝑸𝟑𝟐 = 𝟎. 𝟔𝟔𝟒 + 𝒋𝟎. 𝟒𝟒𝟖 = 𝟔𝟔. 𝟒 𝑴𝑾 + 𝒋𝟒𝟒. 𝟖 𝑴𝑽𝑨𝒓 

𝑺𝟑𝟐
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝑷𝟑𝟐

𝒍𝒐𝒔𝒔𝒆𝒔 + 𝒋𝑸𝟑𝟐
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝑺𝟑𝟐 + 𝑺𝟐𝟑 

𝑺𝟐𝟑
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝟔𝟔.𝟒 𝑴𝑾 + 𝒋𝟒𝟒.𝟖 𝑴𝑽𝑨𝒓 + (−𝟔𝟓.𝟔 𝑴𝑾− 𝒋𝟒𝟑.𝟐 𝑴𝑽𝑨𝒓) 

𝑺𝟐𝟑
𝒍𝒐𝒔𝒔𝒆𝒔 = 𝟎. 𝟖 𝑴𝑾 + 𝒋𝟏. 𝟔 𝑴𝑽𝑨𝒓 



Treatment of voltage controlled bus (PǀVǀ bus) 

Slack bus 

Fig. (2) 

Pg1?  

Qg1? 

V1=1.05∠0o p.u. 

2 

3 

1 0.02+j 0.04 pu 

0.01+j 0.03 pu 0.0124+j 0.025 pu 

Sd3 = 400+j250  MVA 

Sd3 = 4+j 2.5  pu 

  

Pg3=200 MW 

Qg2 ? 

ǀV3ǀ=1.04 p.u.  

δ3 ? 

Slack bus 

Fig. (2) 

Pg1?  

Qg1? 

V1=1.05∠0o p.u. 

2 

3 

1 10-j20 pu 

  

10-j30 pu 

  

16-j32 pu 

  

Sd3 = 400+j250  MVA 

Sd3 = 4+j 2.5  pu 

  

Pg3=200 MW 

Qg2 ? 

ǀV3ǀ=1.04 p.u.  

δ3 ? 



𝑽𝟐
(𝟏)

=
𝟏

𝒀𝟐𝟐
 
𝑷𝟐 − 𝒋𝑸𝟐

𝑽𝟐
∗ −  𝒀𝟐𝟏𝑽𝟏 + 𝒀𝟐𝟑𝑽𝟑   

Ybus = 

20 -j50 pu -10+j20 pu -10+j30 pu 

-10+j20 pu 26-j52 pu -16+j32 pu 

-10+j30 pu -16+j32 pu 26-j62 pu 
 

𝑩𝒚 𝒂𝒔𝒔𝒖𝒎𝒊𝒏𝒈 𝒔𝒕𝒂𝒓𝒕𝒊𝒏𝒈 𝒗𝒂𝒍𝒖𝒆(𝒈𝒖𝒆𝒔𝒔)𝒗𝒂𝒍𝒖𝒆 𝒇𝒐𝒓 𝑽𝟐
(𝟎)

= 𝟏. 𝟎 + 𝒋𝟎 𝒑𝒖 

𝑭𝒐𝒓 𝒕𝒉𝒆 𝒗𝒐𝒍𝒕𝒂𝒈𝒆 𝒄𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒆𝒅 𝒃𝒖𝒔 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝜹𝟑 𝒔𝒉𝒐𝒖𝒍𝒅 𝒃𝒆 𝒂𝒔𝒔𝒊𝒈𝒏 𝒂 𝒔𝒕𝒂𝒓𝒕𝒊𝒏𝒈 𝒗𝒂𝒍𝒖𝒆 𝜹𝟑 = 𝟎  

𝑽𝟑
(𝟎)

= 𝟏. 𝟎𝟒 + 𝒋𝟎 𝒑𝒖 

𝑽𝟐
(𝟏)

=
𝟏

𝟐𝟔 − 𝒋𝟓𝟐 
 
−𝟒 − (−𝒋 𝟐. 𝟓  )

(𝟏 − 𝒋𝟎)
−  (−𝟏𝟎 + 𝒋𝟐𝟎 )(𝟏. 𝟎𝟓 + 𝒋𝟎) + (−𝟏𝟔 + 𝒋𝟑𝟐 )(𝟏. 𝟎𝟒 + 𝒋𝟎)   

∗ 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏 

𝑽𝟐
(𝟏)

= 𝟎. 𝟗𝟕𝟒𝟔𝟐 − 𝒋𝟎. 𝟎𝟒𝟐𝟑𝟎𝟕 𝒑𝒖 

𝑽𝟑
(𝟏)

=
𝟏

𝒀𝟑𝟑
 
𝑷𝟑 − 𝒋𝑸𝟑

𝑽𝟑
∗ −  𝒀𝟑𝟏𝑽𝟏 + 𝒀𝟑𝟐𝑽𝟐    𝑸𝟑  𝒖𝒏𝒌𝒏𝒐𝒘𝒏 𝒇𝒐𝒓 𝑷ǀ𝑽ǀ 𝒃𝒖𝒔? 

𝑭𝒊𝒓𝒔𝒕 𝒘𝒆 𝒉𝒂𝒗𝒆 𝒕𝒐 𝒄𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆 𝑸𝟑
(𝟏)

 



𝑺𝟑
∗ = 𝑷𝟑 − 𝒋𝑸𝟑 = 𝑽𝟑

∗  𝒀𝟑𝒌𝑽𝒌

𝒏

𝒌=𝟏

 

𝑸𝟑
(𝟏)

= −𝑰𝒎𝒂𝒈(𝑽𝟑
∗  𝒀𝟑𝒌𝑽𝒌

𝒏

𝒌=𝟏

) 

𝑸𝟑
(𝟏)

= −𝑰𝒎𝒂𝒈[𝑽𝟑
∗  𝒀𝟑𝟏𝑽𝟏 + 𝒀𝟑𝟐𝑽𝟐 + 𝒀𝟑𝟑𝑽𝟑 ] 

𝑸𝟑
(𝟏)

= −𝑰𝒎𝒂𝒈[(𝟏. 𝟎𝟒 − 𝒋𝟎) (−𝟏𝟎 + 𝒋𝟑𝟎 )(𝟏. 𝟎𝟓 + 𝒋𝟎)

+ (−𝟏𝟔 + 𝒋𝟑𝟐  )(𝟎. 𝟗𝟕𝟒𝟔𝟐 − 𝒋𝟎. 𝟎𝟒𝟐𝟑𝟎𝟕) + (𝟐𝟔 − 𝒋𝟔𝟐 )(𝟏. 𝟎𝟒 + 𝒋𝟎. 𝟎)] ) 

𝑸𝟑
(𝟏)

= 𝟏. 𝟏𝟔 𝒑𝒖 

𝑽𝟑
(𝟏)

=
𝟏

𝟐𝟔 − 𝒋𝟔𝟐  
 
𝟐 − (𝒋𝟏. 𝟔)  

(𝟏. 𝟒 − 𝒋𝟎)
−  (−𝟏𝟎 + 𝒋𝟑𝟎  )(𝟏. 𝟎𝟓 + 𝒋𝟎) + (−𝟏𝟔 + 𝒋𝟑𝟐 )(𝟎. 𝟗𝟕𝟒𝟔𝟐 − 𝒋𝟎. 𝟎𝟒𝟐𝟑𝟎𝟕 )   

𝑽𝟑
(𝟏)

= 𝟏. 𝟎𝟑𝟕𝟖𝟑 − 𝒋𝟎. 𝟎𝟎𝟓𝟏𝟕 𝒑𝒖 

𝑻𝒉𝒆 𝒂𝒃𝒐𝒗𝒆 𝒗𝒂𝒍𝒖𝒆 𝒇𝒐𝒓 𝑽𝟑
(𝟏)

 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒈𝒊𝒗𝒆 ǀ𝑽𝟑ǀ = 𝟏. 𝟎𝟒. 𝑰𝒕 𝒎𝒂𝒚 𝒃𝒆 𝒄𝒐𝒓𝒓𝒆𝒄𝒕𝒆𝒅 

𝑶𝒏𝒍𝒚 𝒕𝒉𝒆 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚 𝒑𝒂𝒓𝒕 𝒐𝒇 𝑽𝟑
(𝟏)

 𝒊𝒔 𝒓𝒆𝒕𝒂𝒊𝒏𝒆𝒅, 𝒕𝒉𝒆 𝒓𝒆𝒂𝒍 𝒑𝒂𝒓𝒕  𝒊𝒔 𝒓𝒆𝒄𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 

𝒆𝟑
(𝟏)

=   ǀ𝑽𝟑
(𝟏)

ǀ 
𝟐

− 𝒇𝟑
(𝟏)𝟐

 

𝒆𝟑
(𝟏)

=  (𝟏. 𝟎𝟒)𝟐 − (𝟎. 𝟎𝟎𝟓𝟏𝟕)𝟐 = 𝟏. 𝟎𝟑𝟗𝟗𝟖𝟕 𝒑𝒖 

𝑽𝟑
(𝟏)

= 𝟏. 𝟎𝟑𝟗𝟗𝟖𝟕 − 𝒋𝟎. 𝟎𝟎𝟓𝟏𝟕 𝒑𝒖 



∗ 𝒕𝒉𝒆 𝒔𝒆𝒄𝒐𝒏𝒅 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏 

𝑽𝟐
(𝟐)

=
𝟏

𝟐𝟔 − 𝒋𝟓𝟐 
 

−𝟒 − (−𝒋 𝟐. 𝟓  )

(𝟎. 𝟗𝟕𝟒𝟔𝟐 + 𝒋𝟎. 𝟎𝟒𝟐𝟑𝟎𝟕)

−  (−𝟏𝟎 + 𝒋𝟐𝟎 )(𝟏. 𝟎𝟓 + 𝒋𝟎) + (−𝟏𝟔 + 𝒋𝟑𝟐 )(𝟏. 𝟎𝟑𝟗𝟗𝟖𝟕 − 𝒋𝟎. 𝟎𝟎𝟓𝟏𝟕)   

𝑽𝟐
(𝟐)

= 𝟎. 𝟗𝟕𝟏𝟎𝟓𝟕 − 𝒋𝟎. 𝟎𝟒𝟑𝟒𝟑𝟐 𝒑𝒖 

𝑸𝟑
(𝟐)

= −𝑰𝒎𝒂𝒈(𝑽𝟑
∗  𝒀𝟑𝒌𝑽𝒌

𝒏

𝒌=𝟏

) 

𝑸𝟑
(𝟐)

= −𝑰𝒎𝒂𝒈[(𝟏.𝟎𝟑𝟗𝟗𝟖𝟕 + 𝒋𝟎.𝟎𝟎𝟓𝟏𝟕) (−𝟏𝟎 + 𝒋𝟑𝟎 )(𝟏. 𝟎𝟓 + 𝒋𝟎)

+ (−𝟏𝟔 + 𝒋𝟑𝟐  )(𝟎.𝟗𝟕𝟏𝟎𝟓𝟕− 𝒋𝟎.𝟎𝟒𝟑𝟒𝟑𝟐 )
+ (𝟐𝟔 − 𝒋𝟔𝟐 )(𝟏.𝟎𝟑𝟗𝟗𝟖𝟕− 𝒋𝟎.𝟎𝟎𝟓𝟏𝟕)] ) 

𝑸𝟑
(𝟐)

= 𝟏. 𝟑𝟖𝟕𝟗𝟔 𝒑𝒖 

𝑽𝟑
(𝟐)

=
𝟏

𝟐𝟔 − 𝒋𝟔𝟐  
 

𝟐 − (𝒋𝟏. 𝟑𝟖𝟕𝟗𝟔)  

(𝟏. 𝟎𝟑𝟗𝟗𝟖𝟕 + 𝒋𝟎. 𝟎𝟎𝟓𝟏𝟕)

−  (−𝟏𝟎 + 𝒋𝟑𝟎  )(𝟏. 𝟎𝟓 + 𝒋𝟎) + (−𝟏𝟔 + 𝒋𝟑𝟐 )(𝟎. 𝟗𝟕𝟏𝟎𝟓𝟕 − 𝒋𝟎. 𝟎𝟒𝟑𝟒𝟑𝟐 )   

𝑽𝟑
(𝟐)

= 𝟏. 𝟎𝟑𝟗𝟎𝟖 − 𝒋𝟎. 𝟎𝟎𝟕𝟑𝟎 𝒑𝒖 < 𝒕𝒉𝒊𝒔 𝒗𝒂𝒍𝒖𝒆 𝒔𝒉𝒐𝒖𝒍𝒅 𝒃𝒆 𝒄𝒐𝒓𝒓𝒆𝒄𝒕𝒆𝒅 > 

𝒆𝟑
(𝟐)

=   ǀ𝑽𝟑
(𝟐)

ǀ 
𝟐

− 𝒇𝟑
(𝟐)𝟐

 

𝒆𝟑
(𝟐)

=  (𝟏. 𝟎𝟒)𝟐 − (𝟎. 𝟎𝟎𝟕𝟑𝟎 )𝟐 = 𝟏. 𝟎𝟑𝟗𝟗𝟕𝟒 𝒑𝒖 

𝑽𝟑
(𝟐)

= 𝟏. 𝟎𝟑𝟗𝟗𝟕𝟒 − 𝒋𝟎. 𝟎𝟎𝟕𝟑 𝒑𝒖 



𝑻𝒉𝒆 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒄𝒆𝒔𝒔 𝒊𝒔 𝒄𝒐𝒏𝒓𝒊𝒏𝒖𝒆𝒅 𝒂𝒏𝒅 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔 𝒄𝒐𝒏𝒗𝒆𝒓𝒈𝒆𝒅 𝒘𝒊𝒕𝒉 𝒂𝒏  

𝒂𝒄𝒄𝒖𝒓𝒂𝒄𝒚 𝒐𝒇 𝟓𝒙𝟏𝟎−𝟓 𝒑𝒖 𝒊𝒏 𝒔𝒆𝒗𝒆𝒏 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏𝒔 𝒂𝒔 𝒇𝒐𝒍𝒍𝒐𝒘: 

𝑽𝟐
(𝟑)

= 𝟎. 𝟗𝟕𝟎𝟕𝟑 − 𝒋𝟎. 𝟎𝟒𝟒𝟕𝟗 𝒑𝒖  𝑸𝟑
(𝟑)

= 𝟏. 𝟒𝟐𝟗𝟎𝟒   𝑽𝟑
(𝟑)

= 𝟏. 𝟎𝟑𝟗𝟗𝟔 − 𝒋𝟎. 𝟎𝟎𝟖𝟑𝟑𝒑𝒖                   

𝑽𝟐
(𝟒)

= 𝟎. 𝟗𝟕𝟎𝟔𝟓 − 𝒋𝟎. 𝟎𝟒𝟓𝟑𝟑 𝒑𝒖 𝑸𝟑
(𝟒)

= 𝟏. 𝟒𝟒𝟖𝟑𝟑  𝑽𝟑
(𝟒)

= 𝟏. 𝟎𝟑𝟗𝟗𝟔 − 𝒋𝟎. 𝟎𝟎𝟖𝟕𝟑                   

𝑽𝟐
(𝟕)

= 𝟎. 𝟗𝟕𝟔𝟎𝟏 − 𝒋𝟎. 𝟎𝟒𝟓𝟔𝟗 𝒑𝒖  𝑸𝟑
(𝟕)

= 𝟏. 𝟒𝟒𝟔𝟖𝟐   𝑽𝟑
(𝟕)

= 𝟏. 𝟎𝟑𝟗𝟗𝟔 − 𝒋𝟎. 𝟎𝟎𝟗𝟎𝟑𝒑𝒖                   

𝑽𝟐
(𝟓)

= 𝟎. 𝟗𝟕𝟎𝟔𝟐 − 𝒋𝟎. 𝟎𝟒𝟓𝟓𝟓 𝒑𝒖    𝑸𝟑
(𝟓)

= 𝟏. 𝟒𝟓𝟔𝟐𝟏    𝑽𝟑
(𝟓)

= 𝟏. 𝟎𝟑𝟗𝟗𝟔 − 𝒋𝟎. 𝟎𝟎𝟖𝟗𝟑𝒑𝒖                   

𝑽𝟐
(𝟔)

= 𝟎. 𝟗𝟕𝟎𝟔𝟏 − 𝒋𝟎. 𝟎𝟒𝟓𝟔𝟓 𝒑𝒖   𝑸𝟑
(𝟔)

= 𝟏. 𝟒𝟓𝟗𝟒𝟕   𝑽𝟑
(𝟔)

= 𝟏. 𝟎𝟑𝟗𝟗𝟔 − 𝒋𝟎. 𝟎𝟗𝟎𝟎𝒑𝒖                   



                                   Final solution 

𝑽𝟐 = 𝟎. 𝟗𝟕𝟏𝟔𝟖∠ − 𝟐. 𝟔𝟗𝟎 𝒑𝒖 

𝑽𝟑 = 𝟏. 𝟎𝟒∠ − 𝟎. 𝟒𝟗𝟖𝟎 𝒑𝒖 

𝑺𝟑 = 𝟐. 𝟎 + 𝒋𝟏. 𝟒𝟔𝟕 𝒑𝒖 = 𝟐𝟎𝟎 𝑴𝑾 + 𝒋 𝟏𝟒𝟔. 𝟕 𝑴𝑽𝑨𝒓 

𝑺𝟏 = 𝟐. 𝟏𝟖𝟒𝟐 + 𝒋𝟏. 𝟒𝟎𝟖𝟓 𝒑𝒖 = 𝟐𝟏𝟖. 𝟒𝟐 𝑴𝑾 + 𝒋 𝟏𝟒𝟎. 𝟖𝟓 𝑴𝑽𝑨𝒓 

𝑳𝒊𝒏𝒆 𝒇𝒍𝒐𝒘 

𝑺𝟏𝟐 = 𝟏𝟕𝟗. 𝟑𝟔 + 𝒋𝟏𝟏𝟖. 𝟕𝟑𝟒 𝒑𝒖; 𝑺𝟐𝟏 = −𝟏𝟕𝟎. 𝟗𝟕 − 𝒋 𝟏𝟎𝟏. 𝟗𝟒𝟕 ; 𝑺𝒍𝒐𝒔𝒔𝒆𝒔𝟏𝟐 = 𝟖. 𝟑𝟗 + 𝒋𝟏𝟔. 𝟕𝟗 

𝑺𝟏𝟑 = 𝟑𝟗. 𝟎𝟔 + 𝒋𝟐𝟐. 𝟏𝟏𝟖 𝒑𝒖; 𝑺𝟑𝟏 = −𝟑𝟖. 𝟖𝟖 − 𝒋 𝟐𝟏. 𝟓𝟔𝟗 ; 𝑺𝒍𝒐𝒔𝒔𝒆𝒔𝟏𝟑 = 𝟎. 𝟏𝟖 + 𝒋𝟎. 𝟓𝟒𝟖 

𝑺𝟐𝟑 = −𝟐𝟐𝟗. 𝟎𝟑 − 𝒋𝟏𝟒𝟖. 𝟎𝟓 𝒑𝒖; 𝑺𝟐𝟑 = 𝟐𝟑𝟖. 𝟖𝟖 + 𝒋𝟏𝟔𝟕. 𝟕𝟒𝟔 ; 𝑺𝒍𝒐𝒔𝒔𝒆𝒔𝟐𝟑 = 𝟗. 𝟖𝟓 + 𝒋𝟏𝟗. 𝟔𝟗 


