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2. Natural Response of Series RLC.

. R L
J"v't.’."—J!'_,ﬁ-i-l dr +Vy,=10 ’W\'
| C Vo
di % i -~ T _
BT o
Rdr Ldtz C 0,

d% Rdi i
— +——+ = 0.
d? Ldt LC

i=Ae"
AR A
A5 + —se + e’ =0
L Lc
or
51| pl ]-
Ade’l s+ —s +— | =0
L LC

Since i = A¢™ is the assumed solution we are trying to find, only the
expression in parentheses can be zero:

R 1
5 T —§% T =
L LC
R, ( R T 1
8y = — 4 | e —_
! ar - N\ LC

R ( R T 1
§y = — M=) ——
. 2 V\zar LC

A more compact way of expressing the roots is

s51= —a + Va* — wi, 57 = —a — Ve - w3
R 1

a = . wy = —
2L VLc




1. If @ = wp. we have the overdamped case.
2. If @ = w,. we have the eritically damped case.
3. If @ < wq. we have the underdamped case.

# Current natural response forms in series RLC circuits

i(t) = Aje” + A,e™ (overdamped),
i(t) = Bie ™ cos wgt + Bre ™ sin wyt (underdamped),

i(t) = Dyte™ + Dye™ (critically damped).

Example

The 0.1 uF capacitor in the circuit shown in
Fig. 8.16 is charged to 100 V. At t = () the capacitor
is discharged through a series combination of a
100 mH inductor and a 560 () resistor.

a) Find i(¢) fort = 0.
b) Find v () fort = 0.

Solution

a) The first step to finding i(f) 1s to calculate the
roots of the characteristic equation. For the given
element values,

_
- LC

~ (109105
~(100)(0.1)

_ R
2L

560
~2(100)

= 2800 rad/s.

2
L]
108,
(i’

x 107

Next, we compare wj to o’ and note that wj > o,
because

o = 7.84 % 10°
= 0.0784 % 108,

P 100 mH
* - Y L
+ - —
100VA<01uF oo [ ) 35600




At this point, we know that the response is under-
damped and that the solution for i(f) is of the form

i(t) = Bije™ coswyt + Bre ™ sin wgt,

where a = 2800 rad/s and w; = 9600 rad/s. The
numerical values of By and B; come from the initial
conditions. The inductor current i1s zero before the
switch has been closed, and hence it is zero immedi-
ately after. Therefore

i(0) = 0 = B,.

To find B,, we evaluate di(07)/dt. From the circuit, we
note that, because i(0) = 0 immediately after the
switch has been closed, there will be no voltage drop
across the resistor. Thus the initial voltage on the

capacitor appears across the terminals of the inductor,
which leads to the expression,

vi=1% v,
dt
di Vo 100
dt L 100
di(0)
dt
1000 = (9600)(B,) — 0

1000

2 =m= 0.1042 A

i(t) =B, e *sinwgt = 0.1042 e 2800t 5in 9600 ¢ A

«103 = 1000 A/s

= Wy Bz —a31

b) To find v¢(f), we can use either of the following rela-

tionships:
1 It
Ve = —E]Oidq' + 100 or
Ve = iR + Lﬂ

dt
Whichever expression is used (the second is recommended), the result is

ve(t) = (100 cos 9600t + 29.17 sin 96001)e 200V ¢ = (),



