[ Mutual Inductance }

Mutual inductance is the ability of one inductor to induce a voltage across a neighboring inductor,

measured in henrys (H).
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Dot convention for coils in series; the sign indicates the polarity of the mutual voltage:

(a) series-aiding connection, (b) series-opposing connection
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Time-domain analysis of a circuit containing
coupled coils.

KVL to coil 1 gives

R+ L
vy, = — + M—
1 1114 1 dt
For coil 2, KVL gives
SRy + 1,2 1 0
U, = . y— M—
2R > dt dt
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Frequency-domain analysis of a circuit containing
coupled coils.

in the frequency domain. Applying KVL to coil 1. we get
V = (Z; + joL)l; — joMI,

For coil 2. KVL yields
0 = —joMI; + (Z; + jol,)I,



Calculate the phasor currents I; and I, in the circuit of Fig. 13.9.
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Solution:
For coil 1, KVL gives

—12 + (4 +j5I, —j3L, =10
or
i, —j3L, = 12
For coil 2, KVL gives.

—i3L; + (12 + j6)I, = 0
or
12+ 6L
73

1 2 =ML,

Substituting this in
(2+4—-73L=0(4—-)H, =12
or

12 3
L =——=291/14.04°A
4—7

From Eqs. (13.1.2) and (13.1.3),

I, = (2 — AL = (4.472/-63.43°)(2.91/14.04°)
= 13.01/-49.39° A

Example

Practice Problem Determine the voltage V, in the circuit
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Energy in a Coupled Circuit

Coefficient of coupling k

The coupling coefficient k is a measure of the magnetic coupling between two coils; 0 < k < 1

k=1 perfectly coupled

k < 0.5, loosely coupled

k= 05, tightly coupled

Example Consider the circuit in Fig. Determine the coupling coefficient.

Calculate the energy stored in the coupled inductors at time ¢ = 1 s if
v = 60cos(4f + 30°) V.
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Solution: Y,
The coupling coefficient is

indicating that the inductors are tightly coupled. To find the energy stored, we need to calculate
the current. To find the current, we need to obtain the frequency-domain equivalent of the circuit.

60 cos(4t + 30°) =  60/30°. w = 4rad/s
SH =  jwL, =j20(
25H =  joM=j10()
4H =  jwL,=j16
1 1
—F = — = —j4 ()

16 joC
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We now apply mesh analysis. For mesh 1

(10 + j20)I; + j10I, = 60/30°
For mesh 2.
j10I; + (j16 — j4)I, = 0
or

11 = - ]..212

L(—12 — j14) = 60/30° = I,=13.254' A

e—

and
I = —1.2I, = 3.905/-19.4° A
In the time-domain,
iy = 3.905 cos(4t — 19.4°). i = 3.254 cos(4f + 160.6")
At time f = 1s5.4f = 4rad = 229.2°, and

Iy = 3.905 c0s(229.2° — 19.4°) = —3.389 A
= 3.254 c0s(229.2° + 160.6°) = 2.824 A

The total energy stored in the coupled inductors is
]. .2 1 .2 L.
w = ELI.El + TLQTQ + }lﬂllz

= %(5)(—3.339}2 + %{4}(2.824)2 + 2.5(—3.389)(2.824) = 20.73 T

Practice Problem

For the circuit in Fig. determine the coupling coefficient and the

energy stored in the coupled inductors at f = 1.5 s.

1
40 °
A\J'\_."‘-_."‘-\, I

40 cos 2tV C:) 2 H F




Linear Transformers

A transformer is a magnetic device that takes advantage of the phenomenon of mutual
inductance. A transformer is generally a four-terminal device comprising two (or more)

magnetically coupled coils. It is used in changing the current, voltage, or impedance level in a
circuit.

A linear (or loosely coupled) transformer has its coils wound on a magnetically linear material.
It can be replaced by an equivalent T or It network for the purposes of analysis.
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An equivalent T circuit.

the equivalent circuit of a
linear transformer

R, a Li-M L-M . R,

x; = jwL = j2rnfc




Example Solve for 11, 12, and Vo using the T-equivalent circuit for the linear

transormer.
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L,=L,— (-M)=8+1=9H
Ly=L,—(-M)=5+1=6H. L.=-M=-1H
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j6 Vv C_“) @ —j1Q =/ @ VO§IUQ °
— v, jgﬂg jsQ Vs
o o
j6 = L4 +j9 — jl1) + I(—j1) joQ j6Q
o AR ATLA O
0 = Li(—j1) + I,(10 + j6 — j1) = 10
10 + /5 “ ©
=y 5o,
J

j6 = (4 + j&)(5 — j10)I, — jI, = (100 — j)I, = 100L,

Since 100 i1s very large compared with 1. the imaginary part of
(100 — ;) can be ignored so that 100 — j = 100. Hence,

J6
100

I = j0.06 = 0.06/90° A

I, = (5 —j10)j0.06 = 0.6 + j0.3 A
and

V,=—10I, = —j0.6 = 0.6/—90°V
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a) Use the T-equivalent circuit for the magnetically
coupled coils shown in Fig. C.6 to find the phasor
currents I; and I,. The source frequency is
400 rad/s.

b) Repeat (a), but with the polarity dot on the sec-
ondary winding moved to the lower terminal.



Mutual inductance examples

Q1/ For the circuit in Fig., find Vo.
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We apply mesh analysis to the circuit as shown below.
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Formesh 1,
12=1(2+j6)+ i, (1)
For mesh 2,

0=jL+(@2- 1+,
o1

0=Jj5,+(2+ /3, )
In matrix form.

12 __l—fﬁ J _.-'-F]

[ﬂ_'_'_ J z—ﬁ.‘[fj

I, =-04381+ j0.3164

Vo=1Ixl =540.5-144.16" mV.

2+j6 o s
A= j 243" 4+j2+j6-18+1= -13+j18
m=22 T o3

0 2+j3



2+j6 12

A2 = j 0

’: 0 —j12 = —j12

[ O 24436 4326-5631 9411047
P A —13+4j18 222.-5416 '

LB 12 (Hj12)+(Z13-j18) _j156-216
27N T —13+,j18 (—13 +,18) x(—13 —18) 493

= —0.438 +j0.316
e L) liCay 48 ghiaall A8y oy ga oDls ) Jall

Q2/Find v(t) for the circuit in Fig.
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Consider the circuit below.
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—_J q _f, I §
2=(4+J8)], - j4I, (1)
O=—jaL, +(2+ j1, (2)

In matrix form. these equations become
2] _[4+58 -4 1]
o] | -4 2+74)5]
Solving this leads to
I, =02353 —;0.0588
V=2I,= 04851 =-14.04°
Thus,
v(i)=04851cos(4-14.04") V



Q3/Find Vx for the circuit in Fig.
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Consider the circuit below.
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N =
QYEE() ©
L l‘-\--
For locp 1.
830° = 2+i4)L - ik ()
For loop 2. (G4+2—-jL-L+(H2) =0
or I =(3-j2)iz-2 (2
Substituting (2} into (1), 8300+ (2+34)2 = (14 +NL;

I, = ({10928 +312)/(14 +37) = 1.037.4221.12°
Ve= 2L = 1.074.731.12"°
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Q4/ IfM = 02Handv, = 120 cos 107 V in the circuit
of Fig.  , find 7, and 7i;. Calculate the enerov

i i M
stored 1n the coupled coils at f = 15 ms.
0 Y s
— o] —_—
o = 10 "U"Fﬂ'\ 211A
0.5H 1H
0.5H converts to joL; = j5 ohms v C_D —— 25 mF
1 H converts to joL; = j10 ohms
0.2 H converts to joM = j2 ohins
25mF converts to 1/(jeaC) = 1.-"(1[}5:255{10'3) = —4 ohms
The frequency-domain equivalent circuit 15 shown below.
j2
5 T T 10
. -
050" (I A—
Ct I a4 I §
For mesh 1, 12 = (j5—10L + 12, — (g4I,
—j12 = I} + 6l (l)
For mesh 2, 0 = (5+710), + 121, {4
0 = (5+]10)I + 161 (2)
From (1), I = 412—6L

Substituting this into (2) produces,
L = 72/(-5+326) = 2.7194./-100.89°

I =12-65L = —12-163.172-100.89 = 506852 54°
Hence,
1] = 5.068cos(10t +52.54°) A 1, = 2.719cos(10t — 100.89%) A

Att = 15ms, 10t = 10x15x10” 0.15rad = 8.59°
1, = 5.068c0s(61.13°) = 2.446
i, = 2.719c0s(-92.3°) = —0.1089

w = 0.5(5)(2.446)> + 0.5(1)(—0.1089)° — (0.2)(2.446)(—0.1089) = 15.02J



Q5/ Calculate the phasor currents I1 and 12 in the circuit using T-equivalent cct
for linear transformer.

4Q 2
[ R
] NP |
12,0°V (%) (1_1} 503 Ej60 I/ig) 2120
|' |

Answer: 13249.4 A,

2.91/14.04 A
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