L. Di1Stinct poles

Partial-Fraction Expansion

X(z) A A A
1- Factorization of denominator z Z—p1  Z—P> Z—PN
2- Divide LHS and RHS by z . X(2)
3- Create partial fractions and find constants A; = lim (z—p;) .
4- Find X(z) Z7Pi
5- Find x(n)
Example : Find x (n) for X(z) = L for the following ROC's: - RoC
1-1.527140.5272 >
a) |zl >1 , b) |zl <05 and ¢)05<]|z| <1 a. ROC |z| >1

2
Z

Solution: X(z) = —

otation (2) 7z2-1.5z+0.5

X(z) z A N A,
z  (z-1)(Z-05) z-1 z-05

Z Z

A, =lim =2, A,= lim =-1
L 1(z-0.5) 2 05z
X(z)_ 2 1
z z-1 z-05’
z z
X(2) =22
(2) z-1 z-0.5

x(n) =2u(n)—(0.5)"u(n)
= {1,3/2,7/4,15/8,31/16,....}.

b. ROC |Z| <05
x (1) = -2u (-n-1) + (0.5)" u(-n-1) -
c. ROC 0.5 < |z| <1 v
x(n) = -2u(-n-1)—(0.5)"u(n) Real
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Properties of Z- Transform (ZT)

ii. Multiple order poles

X(Z) d + dlz + dzZ + ...+ d M_l _ Alk N Alk—l + +ﬂ+ i
z b, +biz+byz* + . +sz (z—z,)F  (z—z,)F1 Sl G R
Then
1 (dki X(z) .
Alj (k—]) {dZ _]( - )kT} ) /] = 1,23, .., k
[(z z)X(Z)} i=k+1,k+2, .., M
Z=Z]'
E le: Find x (n)) for X(z) = L
xample: Find x (1)) for X (2) P
Solution: X (z2) = L -_ =
' 14z H1-2z12  (z+1)(z-1)2
X(z) _ z? Aqp +A11 N Ag
4 (z+1)(z 1)2 (z-1)?> z-1 z+1
Ay = lim 221 ; Ao — i 2z(z+1)-z* 3 P i 1
1z + 1= 4 m 1
z-1Z +1) z-1 (z+1)* 4 P (1) 4
L, 3 1
_ 2 4 4 EE416 DSP
X(z) = (1) L x(n) = —nu(n) +° u(n) + ( 1" u(n) 114



Example: Find the inverse Z-transform by division method for
z 1

X(z) = or the ROC’s (a) |z| >1, (b)|z] <=
Solution:

a) For ROC |z| > 1, we must divide to obtain negative power of z since |z| > 1 indicates a right hand sequence.

lii
. A 3 9
X(z) = 52_1 + 52_2 + ...as compare with
3z2—4z+1 | Z
_ 1)1 0 -1 )
X(@) = +x(-D)zt +x(0)2° + x(V)z7 ' +x(2)z7* + ... - i‘_l$1z_1
373
We can recognize that x (1) == , x(2) == x 2,
g 37 ~9 3 3Z
x (n) :15(71—1) +é6(n—2) + 4 16 4
3 9 Fotx—z 5=z
3 9 9
3.1 4,2
3 2 5% etc

EE416 DSP
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X()=z+4z>= x(-1) =1,x(-2) =4

1-4z + 322

x(n)=06(n+1)+46(n+2) + ..

Fz+4z

2 3

F 3z

Notes: Atat ROC |Z| > |4

—} = anu(n).

472373

F 472 + 1623 F122*

} = nan—

_ n(n-1)(n-2)...(n—k+2) an-k+1y(n)

1323-12z* etc
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Discrete convolution

Example : Find the inverse Z-transform by using discrete convolution method for

0.632z

X3 =) —0369)

Solution:
0.632z _0.6322. z7lz
(z-1)(z-0.368)  (z—1) (z-0.368)

X(2) = = X1 (2) X2 (@)

0.632z
(z-1)

} = x, (1) = (0.632)" Lu(n-1)

x1(n) =Z7H{X{(2)} = Z‘l{ } = x1 (1) =0.632u(n)

Z_1 Z

(z—O.?;68)

X (n) =Z7H{X (@)} =27 [

sox(n) = x1 (1) ® xy (1)=0.632u(n) ® (0.632)" ' u(n-1)

EE416 DSP
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Review of Fourier Analysis

The subject of Fourier analysis is essential for describing certain types of systems and their properties in frequency domain. It is
concerned with representing a signal as weighted superposition of complex sinusoids. The complex sinusoids are basic signals
that can be used to construct a broad and useful class of signals. There are four distinct Fourier representations:

- Continuous-time Fourier series,

- Discrete-time Fourier series,

- Continuous-time Fourier transform,
- Discrete-time Fourier transform.

Fourier Series (FS) applies to continuous-time periodic signals. Discrete Time Fourier Series (DTFS) applies to discrete-time periodic signals.
Nonperiodic signals have Fourier Transform (FT) representation. Discrete Time Fourier Transform (DTFT) applies to a signal that is discrete
in time and non-periodic.

Continuous Discrete
Periodic Non-periodic Periodic Non-periodic
P P
L T
Analysis  Fourier ourer Discrete Discrete-time
Tool wmp Series Transform Fourier Foitiar EE416 DSP
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Discrete Time Fourier Transform (DTFT)

Discrete Time Fourier Transform (DTFT) 1s a frequency domain representation of discrete-time signals that are not necessarily
periodic. For discrete-time signals, the DTFT of x[n] 1s given by:-

X(Q) = F{x[n]} = Z x[n] e 72"

n=—oo

It is important to note here that X(€)) is continuous in frequency and periodic.

Example: find DTFT for x(n)= a" u[n] a<l1
Solution: X(Q) = 2 x[n] e 72" = 2 a" u[nle 72 m :Z (@ e Q) = I _ 1
) = et o, 1-a e7? 1-a cosQ + ja sin Q
1 1 x[n]
[ X ()] = =
\/(l—a cosQ)? + (a sin Q)2 \/1 + a?-2a cosQ ' ] l [
The phase is given by ] e 0 n—
1 asin ) X ()]

arg(X (Q)) = —tan”

= — 1-a cosQ) M
Note that :

-3 -2x - o " 2r 3x Q —e

The spectra are continuous and periodic functions of 2 with the period 2. —

The magnitude spectrum is an even function and the phase spectrum is an odd function of 2 A
P
7\ ol .
/ -3R
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From DTFT to DFT

However, the DTFT is only theoretical analysis, and it is hard to be implemented practically as X(€)) is continuous and DTFT is
not suitable for DSP applications like digital filtering, image processing becaue DSP processing require a discrete and finit
sequences to process. In other words, in DSP, we are able to compute the spectrum only at specific discrete values of Q. Any
signal in any DSP application can be measured only in a finite number of points. As it is known that the spectra X({)) are
continuous and periodic functions of Q with the period 2zn. Therefore, it is important to sample the spectrum X(€)) in frequency
domain so that we obtained what is called Discrete Fourier Transform (DFT). Suppose that we sample X(€2) periodically in
frequency at a spacing of AQ) radians between successive samples. Since X((2) is periodic with period 2 & , only samples in the
fundamental frequency range are necessary. For convenience, we take N equidistance samples in the interval 0 < () < 2= with

spacing AQ) = %ﬂ, as shown in figure below. Xf(Q'
. . X(kAQ)
Where AQ) =2W” is called the Spectral reslution \/ /s
1 L - A —— Q
27tk ~R 0 k) m 100+ 2x
Example: N = 4 then () k= 1 k€R4, Frequency domain sampling of the Fourier transform
. _m
Spectral Resolution AC) = N =8 then Q; = ﬂ, keRg

X0 8




Discrete Fourier Transform (DFT)

The DFT is a formula for transforming a sequence x(n) of length L <N into a sequence of samples X(k) of length N. Let's
consider the selection of N, the number of samples in the frequency domain. Then the DFT of x(n) can be given by:

27'ckn
DFT X (k) = X(k AQY) Z N k=0, 1, 2, 3...... N-1

This relation 1s a formula for transforming a sequence x(n) of length L < N into a sequence of frequency
samples X (k) of length N .

The inverse discrete Fourier transform (IDFT) 1s defined as the process of finding the discrete-time sequence
x(n) from its frequency response X(k).The inverse DFT is given by:

. 21k
IDFT ¥ (1) = 1ZX 1d N n=0, 1,2, 3..... N-1
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Discrete Fourier Transform (DFT)

The formula of DFT and IDFT can be also expressed as

N-1
DFT X(k)=) x[n] Wy k=0,1,2, 3. N-I
n=0
N-1
IDFT x(n) = 12 X[k] Wﬁkn n=0, 1, 2, 3...... N-1
Nk:0

Where Wy is the twiddle factors which are a set of values that are used to speed up DFT and IDFT calculations. It is given by

_jom
Wy=e N

This i1s a matrix of the linear transformation and It is a symmetric matrix.

Note that the computation of each point of the DFT can be accomplished by N complex multiplication and N-1 complex

addition. Hence, the N-point DFT values can be computed in a total of N? complex multiplication and N(]é;] ) Dcé(P)mplex
addition. e



DFT and IDFT as linear transformation

It is instructive to view the DFT and IDFT as linear transformation on sequences x(n) and X(k) , respectively. Let us define
an N-point vector xy of the signal sequence x(n) , n=0, 1, 2,....N-1 and an N-point vector of frequency samples Xy, Also Wy

an be represented as NXN matrix and can be written as Wy
( x(0) ) [ X(0) ) (1 1 1 1)
x(1) X(1) 2 .
XN _{ x(2) }/ XN = X(Z) }’ 1 WN WN WN
| 2 4 2(N-1)
[ X(N-1), | X(N-1),
1 WN-1 | WEN-DN-1)
With these definitions the N-point DFT may be expressed in matrix\form as I\ N y
XNy =Wn xn

Where Wy 1s the matrix of the linear transformation. We observed that Wy is asymmetric matrix. If the inverse of Wy,
exists, then the above equation can be inverted by multiplying both sided by Wz_\ll' Thus, we obtained

XN = WZ—\fl XN
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DFT

Example: Calculate the four-point DFT of the aperiodic sequence x[n] ={1, 0, 0, 1}.
N-1

Solution: . 2mkn
X(k)=) x[n]le’ N k=0, 1,2, 3......N-1
For, k=0, =0
3 — jJ2x0n
XO0)= Y x(n)e ~
n=0
— j2x.0.0 —j2x.0.1 —j2x 02 -j2x03 >
= x(0)e * +x(1).e 2 + x(2).e 4 + x(3).e * o
For k=1, . j2xln
X()= Y. x(n)e V
n=A0
-j2x.1.0 - j2x.1.1 -j2x.1.2 -j2x.1.3
=x(0)e * +x(DDe * +x2)e * +x3)e *
-j2x.1.0 -j2rx.1.3
=le * +0+0+1le *
j2x.1.3 - j3x
=1+le * =l+[e 2 ]=1+[e7*™]
X180 Complete for k=2 and 3 to find
[*x rad = 180°, .. 3Tﬁraaf m= il =270°
=1+[cos(270°)— jsin(270°)] X(A) — [2']_ +j' 0,1 _j]
[. e =cos@ — jsin@ (Euler' sFormula)
=1+[0—(—/1)]

. EE416 DSP 174
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DFT

Example: Compute the 4-point DFT of the aperiodic sequence x[n]={0, 1, 2, 3} of length N =4?

Solution: The first step 1s to determine the matrix W, by exploiting the periodicity property of and the symmetry property

e+

2 = —Wj

W
wN § =31
. 270 . T
Wy=e 4=¢'2 / \
4 — € —e
W, =1 |e /~ W, =1
K_AL-—-—”"

_m -
Wg —e T4 X0 =1,
i1
W =e 127 :cos(—g) +jsin(—z) =—,

2 Wy =—j

WZ =-1, WZ =] (a) 4-point DFT
W,y W) W) w1 r1 1 1 11 11 1 1 17
W_wgw;wfwj_IWinW2_1—j —1
T lwe w2 owr owe| |1 owiEowp o wZ[T 1T -1 1 -1
we w3 we wel L1 owi owz wgl 11 ;5 -1 j |

1 1 1 1 6
- I EEE A | —2+2j
Xv=Wyxy=|;, 7 1 _—q|01231=|
1 g -1 J —2—12j EE416 DSP 125




Fast Fourier Transform (FFT)

The DFT X(k) of the sequence x(n) is given by N-1 0 "
X (k) ZEx[n] W ~0,1,2 3. d
n=0

DFT
1N—1
. . — X W—kn
ﬁ;\lc:j_;he inverse DFT is x (n) N; K] N n=0, 1, 2, 3..... N-1

Where the twiddle factor is Wy, =¢ Zﬁn
Since the DFT and IDFT involve basically the same type of computations. It can be observed from these equations that the
determination of each X (K) requires N complex multiplications and N —1 complex additions. Since we have to calculate X (k)
for k=0,1,.....,N—1. It follows that the direct computation of the DFT requires N? complex multiplication and N(IN-1)
complex additions. Thus, procedures that reduce the calculation burden are of considerable interest. These procedures are
known as fast Fourier transform (FFT) algorithms.

The basic idea of the FFT is to divide the sequence into sub-sequences of smaller length and then combine these smaller DFT's
suitably to obtain the DFT of the original sequence. Assuming that data length N is a power of 2, so that N is of the form

N=2™ where m is positive integer. (i.e. N=2,4.8,...... etc ). Accordingly the algorithm is referred to as radix-2 algorithm.
The FFT algorithm exploits the symmetry and periodicity properties of the phase factor W n~. In particular, these three
properties are: N y Example : N =8, then W3 = W8 = Wi = .
Periodicity property: WN+N = Wy
k+> N = _ 4 _ _ 1 _1_ ;1 5__ 1 1

Wy 2 =-Wk Example: N =8, then Wy =1 then Wg = -1 and Wy g then W =—+j &

Symmetry property:
Wy =Wy Example : N =4, m =2, then W5 =W, 126
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