Z- Transform (ZT)

Example 4: Find the Z-transform including the region of convergence of

1) x(n) =6(n) 2) x(n) =6(n—k) k>0 3)x (n) =u(n)
Solution:
1) X(2) = Z x(n)z™ Z {6(m)}z"=2z"=1, ROC is ALL values of z
2) X(Z2) = Z x(n)z” Z {6(n-k)}z™"= Z {6 (m)}z~m*
=77k Z {(6(m)}z ™ =z, ROC |z| >0

X(2) = Z x(n)z™ Z {u(m)}z" ":2 = _12_1

n=—00 n=—o00 n=0

Z{u(n)} :—1 ,ROC |z| >1
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Z- Transform (ZT)

Example 5: Find the Z-transform including the region of convergence of

11772

Solution: x(n)=[-1, 0, 1, 1]

?

x(n)=-6(n+1)+6(n-1) +6(n-2)

X(z) = z x(Mz " =x[-1] z+x[1]z7' + x[2] z72

n=—00

X(2)=—z+z1+z72

ROCO < |z] <
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Z- Transform (ZT) Table

EE416 DSP

Region of
Line No. x(n), n=0 z-Transform X{(=z) Convergence
1 x(n) Z x(n)z™"
n=40
2 &(n) 1 z| > 0
3 au(n) — jz| > 1
- nu(n) s - Iz] > 1
(z-1)
., z(z+ 1
5 n-u(n) { : Iz] > 1
(z—-1)
6 ad u(n) = Iz| > |a]
z—a
7 e "“u(n) - p—— |z] > e~
8 na™u(n) = =] > |al
(z —a)
. zsim(a)
o N z2 — 2zcos(a) + 1 e > 1
10 cos (am)u(n) - x —cos (ol z] > 1
z<- — 2zcos(a) + 1
. [asin (b)]z ”
11 a” sin (br)u(n) 2 — Docos()E + a2 Iz] > |al
zlz — a cos(h)]
. . -
12 a” cos(bnhdn) 22— Dacos(B)E +a 3 Iz] > |a|
13 e “"sin(bnhdn) le”™ sin (D))= S
. z2 — [2e ? cos(b))z + e 27 i
Az — e° s (b
14 e “cos (bnu(n) a o cos (BN Iz| > ™

2~ [2e“4cos(b)lz + e 24



Properties of Z- Transform (ZT)

1. Linearity If X;(z)=Z{x;(n)} with ROC R{_ < |z| <Ry,
X, (2) =Z{xy(n)} with ROC R,_ < |z| <R,

Z{ayx1(n) + ayx, (n)} = a1X1(2) + a, X, (2)

ROC = ROC; N ROC,{Intersection}

2. Shifting Z{x(n-n,)} = z7"X(z) ROC no change

Example: Find the Z-transform including the region of convergence of

x(n) =u(n-4)

Solution:

X(2) =Z{u(n-4)} =z%Z{u(n)} = z‘4ﬁ == ,ROC |z| >1

z_
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Properties of Z- Transform (ZT)

3. Multiplication by an exponential

Z{a"x(n)} =X(z)|Z 7z = X(E) with ROC |a|R,_ < |z| <|a| R,
H_ a
a

Z{e*"x(n)} =X (2)|,_,,,7a = X(ze™)  with ROC |e™|R,_ < |z| <|e™| R,

z—zet?

Example: Find the Z-transform including the region of convergence of x (n) = ne” u (n)

Solution:
(60) o0 Z_1 Z
Z{nu(n)} = nu(n)z"=) nz "= =
nZoo nz(:) (1—2_1)2 (2_1)2
ROC |71 <17 >1
SZ{eMx (M) =X(%) L Z{ne"u(n)} =—%— ,ROC |z| > ¢
e (ze™*-1)
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Properties of Z- Transform (ZT)

4. Multiplication by n (Ramp) Z{nx(n)} = —2 d);iZ) , ROC no change

Example : Find the Z-transform including the region of convergence of Z{ne*u(n)}

Solution: *. Z {e"u (n)} == and  Z{nx(n)} = -z dX(ZZ)

z—e" d

d(L) . .
n _ o \z—e") _ (z—e*).1-z.1 __ze
Z{ne"u(n)} = 2 =% (oeny? (o—en)?
S. Discrete convolution
1) @0y = ) 11 (931K
k=—o0
Z{xi(n) ®x,(n)} =Xy (2) X,(z)  ,with ROC, ZeER{ NR,
Proof.
Z{x1(n) ® xp(n)} = 7 { 7 xq (k) x; (”—k)} zZ™"
n=—oo \ k=—oco
=) x <k>{ > %k z"} “X @) ). 1Mz X @) X @)
k=—c0 n=—00 k=-c0 EE416 DSP 104



Properties of Z- Transform (ZT)

6. Initial value theorem

x(0) =limx(n) = lim X (2)

n—0 Z—>00

7. Final value theorem

x () = lim x(n) =lim (1-z7)X (2)

n—00 z—1

8. Time reversal

x(n) & X(z) ,ROC ry <lz|] <71y

x(-n) & X(z‘l) ,ROC 1 <|z| < 1
) "

Example: : Find Z{-n u(-n)}

Solution: Z{n u(n)}= : 21)2 ROC, Zc |Z| >1
.

_ 1/z
7.5- -nN=
—Z{-n u(-n); 1z1)? ROC, Zc|Z| > 1
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Properties of Z- Transform (ZT)

plWolt 4 p=jWolt
2
1|z2—ze1%0 + z2—zel%0
2 l (z—€/0)(z—€7"°)
1 [ 272 —z(e/%0 + ¢7I%0)
v4

u(n)} = %Z{eja)onu(n) + e_jw"”u(n)} _ E

z z
Solution Z — +——
z—e/Yo  z—eT%o

1 [ 27227 cos (w,)
2

—ze T¥0—ze 7T 4 1 z2—z(e %0 4 ¢71%0) 4 1

, ROC |z| > |eifw0

2
l z“=z Cosw, Sz > 1

z2-2zcosw, + 1

Example: Find thez-transform and its ROC of the following sequence: x[n]={4, 2, -1, 0, 3, -4}

?

Solution: Thez-transformX(z) ofx(n) is given by

X(z) =Z{x(n)} = Z x(n) z7"= 2 x(n) z7"
n=—oo n=-2
=x(-2) z2+x(-1) z'+x(0) + x(2) z72+ x(3) z3
=42z24+42z-1+322-4723

Therefore, X(z) will be finite if and only ifzis not equal to 0 or «. Its ROC is given by 0 < |z| < . EE416 DSP 106



Properties of Z- Transform (ZT)

Example: Find the Z-transform including the region of convergence of

, x(n) =[3(2")-4 (3")] u(n)
Solution.

Assume that x{(n) = (2")u(n) andx, (n) = (3")u(n) then the signal x(n) can be written as
x(n) =3x1(n) -4 x,(n)....

According to linear property the ZT will be

X(Z) = 3X1 (Z) -4 Xz(Z)

z
We know that [ (a™) u(n) == 1 —~ :Zza with ROC |z| > |a|
—az -

X, (2) =£ with ROC |z| > 2

X, (2) :Z—f3 with ROC |z >3

Therefore, the overall z-transform will be
3 4 3z 4z

X — — — _
(2) 1-2z71 1-3z71 z-2 z-3

with ROC |z| >3
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Properties of Z- Transform (ZT)

Example: Find the Z-transform including the region of convergence of
x(n) = (n-2)a"?cos (w,(n-2))u(n-2)

2_
Use Z{cos (wn)u(n)} = 5——0

and any necessary properties.
z°=2zcosw,+1

Solution:
Z{x(n)}=z2%Z {n a™cos (a)on)u(n)} by using shift property

=z [—z %Z {a(”)cos (a)on)u(n)}} by using multiplication by n property

=—z71 {dilzz {cos (a)on)u(n)}|z_£] by using multiplication by a” property
a
ROC |Z| > |a,

z°~z Cosw,

Zcos(w,n)u(n); =
tcos (@omu(m)} z?-2zcosw, + 1

1 2

252 ZCOsw, z°—az cosw,

a “zc—a

Z{cos(w,n)u(n)} = -
’ |Z_’Z a%z°-2a1zcosw,+1 z*-2azcosw, + a*

Z{x(n)} = —z‘li( 2z cos w, 2) = ..

dz \ z>-2az cosw, + a
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Properties of Z- Transform (ZT)

Example : Determine the z-transform of the signal

1, n=-—1

2, n=~0
x[n] =+ -1, n=1

I, n=>2

0, otherwise

Use the z-transform to determine the DTFT of x ¥Rn¥

Solution:

o0 2

X(2)= 3 x[ne = Sxfnle = x[ )7+ x[0] 2+ x[1] 7 4 x[2] 7

=(1)z' +(2)2° +(-1)z7 +(1) 2z~
—z+2-z'+2z7
We obtain the DTFT from X(z) by substituting z = e’”:

X(ejQ) _el 9 _ ol pmi20
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The inverse Z-transformation

The inverse Z-transformation is used to convert signals/systems from frequency domain (Z-domain) to the discrete
time domain x(n). When using the z-transform 00

X(z2) = 2 x(n) z7"

n=—00

It is often useful to be able to find x[n] given X(z). This can be done by taking the inverse of Z-transform

x(n) =Z1{X(z)} = ij X(z) z" 1 dz

we will not evaluate the complex contour integral for the inverse z-transform directly. Instead we will use one of the
following techniques to find the inverse of Z-transform

1.Inspection
2.Partial-Fraction Expansion
3.Power Series Expansion
4.Discrete convolution
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Inspection

This "method" is to basically become familiar with thez-transform pair tablesand then "reverse engineer". In order to
find the inv z-transform, we compare X(z) to one of the standards transform pairs listed in z-transform pair tables
and and of the properties of the Z-Transform

Z

. - X(z) =——
Example : When given (2) z—a  withan ROC of |z|> a

Solution: we could determine "by inspection" that  x/n/=a" ufn]

Example find the inverse z-transform of Y(z) =1+2z 1432242278
Solution : since Az™" = A 6(n—m)

y(n) =6(n) +26(n-1) +36(n-2) + 26 (n-3) =[1, 2, 3 2]

Example Z{-b"u(-n-1) } = zZTb LROC |z] <b — Z 1 {ﬁ} =-b"u(-n-1)
Example Z{u(n) } = 2 ,ROC |z] >1 - Z1 {i} = u(n)
z—1 z—1
Example Z{-u(-n) } = %1 ,ROC |z| <1 - zZ1 {i} = —u(-n-1)
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The inverse Z-transformation

Example Z{6(n) } =1 ,ROC all z — Z‘l{l} = 6(n)

ROC: |Z| >1 — Z‘ll = z}zn u(n)

Example Z{nu(n)} = "
Z_

(z-1)?

Example: Determine the signal x (1) for X (2) =In(1 +az™), |z| > |4
Solution:

USil’lg /. {nx (n)} — _Z£X(Z) d ln( u) 1du

udx

d d (az)
EX(Z)— (az 2) - —z X(z)— =

1+az" 1+az
ROC |—az‘1| <1l—-> |z >4

Take the inverse of Z-transform for both sides to get:

-1
nx(n) =2" { ( ) } — nx(n) =a(-a)"un-1)

1+az!

Sx(n) = % (-1 1a"u(n-1)
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