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Z- Transform (ZT)
Example 4: Find the Z-transform including the region of convergence of

1) 𝑥 𝑛 = 𝛿 𝑛                         2) 𝑥 𝑛 = 𝛿 𝑛−𝑘  𝑘 > 0           3)𝑥 𝑛 = 𝑢 𝑛

1) X 𝑧 =
∞

𝑛=−∞
𝑥 𝑛 𝑧−𝑛 =

∞

𝑛=−∞
𝛿 𝑛 𝑧−𝑛 = 𝑧0= 1,      𝑅𝑂𝐶 𝑖𝑠 𝐴𝐿𝐿 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑧

Solution:

2) 𝑋 𝑍 =
∞

𝑛=−∞
𝑥 𝑛 𝑧−𝑛 =

∞

𝑛=−∞
𝛿 𝑛−𝑘 𝑧−𝑛=

∞

𝑚=−∞
𝛿 𝑚 𝑧−𝑚−𝑘

                = 𝑧−𝑘
∞

𝑚=−∞
𝛿 𝑚 𝑧−𝑚 = 𝑧−𝑘,                   𝑅𝑂𝐶  𝑧 > 0

3)
𝑋 𝑧 =

∞

𝑛=−∞
𝑥 𝑛 𝑧−𝑛 =

∞

𝑛=−∞
𝑢 𝑛 𝑧−𝑛=

∞

𝑛=0
𝑧−𝑛 = 1

1−𝑧−1

𝑍 𝑢 𝑛 = 𝑧
𝑧−1

  ,𝑅𝑂𝐶  𝑧 > 1
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Z- Transform (ZT)
Example 5: Find the Z-transform including the region of convergence of

𝑥 𝑛 = −𝛿 𝑛 + 1 + 𝛿 𝑛−1 + 𝛿 𝑛−2

 X 𝑧 =
∞

𝑛=−∞
𝑥 𝑛 𝑧−𝑛 = x −1  z + x 1 𝑧−1 + 𝑥 2 𝑧−2 

 X 𝑧 = −𝑧 + 𝑧−1 + 𝑧−2

𝑅𝑂𝐶 0 <   𝑧 <∞

Solution: x(n)=[-1, 0, 1, 1]
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Z- Transform (ZT) Table
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Properties of Z- Transform (ZT)
1. Linearity

𝒁 𝒂𝟏𝒙𝟏 𝒏 + 𝒂𝟐𝒙𝟐 𝒏 = 𝒂𝟏𝑿𝟏 𝒛 + 𝒂𝟐𝑿𝟐 𝒛                 

If   X1 𝑧 = 𝑍 𝑥1 𝑛     𝑤𝑖𝑡ℎ 𝑅𝑂𝐶 𝑅1− < 𝑧 < 𝑅1+
X2 𝑧 = 𝑍 𝑥2(𝑛)    𝑤𝑖𝑡ℎ 𝑅𝑂𝐶 𝑅2− < 𝑧 < 𝑅2+

𝑹𝑶𝑪 =  𝑹𝑶𝑪𝟏 ∩ 𝑹𝑶𝑪𝟐 𝑰𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏

2. Shifting 𝒁 𝒙(𝒏−𝒏𝒐 = 𝒛−𝒏𝒐𝐗 𝒛 𝑹𝑶𝑪 𝒏𝒐 𝒄𝒉𝒂𝒏𝒈𝒆

Example: Find the Z-transform including the region of convergence of  
   𝐱 𝒏 = 𝒖 𝒏−𝟒

Solution:
X 𝑧 = 𝑍 𝑢 𝑛−4 = 𝑧−4𝑍 𝑢 𝑛 = 𝑧−4 𝑧

𝑧−1
= 𝒛−𝟑
𝒛−𝟏

    , 𝑅𝑂𝐶   𝑧 > 1
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3. Multiplication by an exponential
𝒁 𝒂𝒏𝒙(𝒏) = 𝑿(𝒛)

𝒁→𝒁
𝒂
= 𝐗 𝒛

𝒂
       𝒘𝒊𝒕𝒉 𝑹𝑶𝑪  𝒂 𝑹𝒙− < 𝒛 < 𝒂 𝑹𝒙+

𝒁 𝒆±𝒂𝒏𝒙 𝒏 = 𝐗 𝒛 𝒛→𝒛𝒆∓𝒂 = 𝐗 𝒛𝒆∓𝒂      𝒘𝒊𝒕𝒉 𝑹𝑶𝑪  𝒆±𝒂 𝑹𝒙− < 𝒛 < 𝒆±𝒂 𝑹𝒙+

Example: Find the Z-transform including the region of convergence of  𝑥 𝑛 = 𝑛𝑒𝑎𝑛𝑢 𝑛

Solution:

           𝑍 𝑛𝑢 𝑛 =
∞

𝑛=−∞
𝑛𝑢 𝑛 𝑧−𝑛 =

∞

𝑛=0
𝑛𝑧−𝑛= 𝑧−1

1−𝑧−1 2=
𝑧

(𝑧−1)2
                                       

𝑹𝑶𝑪  𝒁−𝟏 < 𝟏 → 𝒁 > 𝟏

∵ 𝑍 𝑒𝑎𝑛𝑥 𝑛 = 𝑋( 𝑧
𝑒𝑎
)        ∴ 𝑍 𝑛𝑒𝑎𝑛𝑢 𝑛 = 𝑧𝑒−𝑎

(𝑧𝑒−𝑎−1)2
      , 𝑅𝑂𝐶  𝑧 > 𝑒𝑎
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4. Multiplication by n (Ramp) 𝒁 𝒏𝒙 𝒏 = −𝒛 𝒅𝐗 𝒛
𝒅𝒛

       , 𝑅𝑂𝐶 𝑛𝑜 𝑐ℎ𝑎𝑛𝑔𝑒

Example : Find the Z-transform including the region of convergence of  𝒁 𝒏𝒆𝒂𝒏𝒖 𝒏

Solution: ∵ 𝑍 𝑒𝑎𝑛𝑢 𝑛 = 𝑧
𝑧−𝑒𝑎

       𝑎𝑛𝑑       𝑍 𝑛𝑥 𝑛 = −𝑧 𝑑X 𝑧
𝑑𝑧

𝑍 𝑛𝑒𝑎𝑛𝑢 𝑛 = −𝑧
𝑑 𝑧

𝑧−𝑒𝑎
𝑑𝑧

= −𝑧 𝑧−𝑒𝑎 .1−𝑧.1
𝑧−𝑒𝑎 2 = 𝑧𝑒𝑎

𝑧−𝑒𝑎 2

5. Discrete convolution

𝑥1(𝑛) ⊛ 𝑥2(𝑛) =
∞

𝑘=−∞
𝑥1 𝑘 𝑥2 𝑛−𝑘

𝑍 𝑥1(𝑛) ⊛ 𝑥2(𝑛) = X1 𝑧  X2 𝑧       ,𝑤𝑖𝑡ℎ 𝑅𝑂𝐶, 𝑍∈𝑅1 ∩ 𝑅2

Proof.
𝑍 𝑥1(𝑛) ⊛ 𝑥2(𝑛) =

∞

𝑛=−∞

∞

𝑘=−∞
𝑥1 𝑘 𝑥2 𝑛−𝑘 𝑍−𝑛

=
∞

𝑘=−∞
𝑥1 𝑘

∞

𝑛=−∞
𝑥2 𝑛−𝑘 𝑧−𝑛 = X2 𝑧

∞

𝑘=−∞
𝑥1 𝑘 𝑧−𝑘=  X1 𝑧    X2 𝑧
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6. Initial value theorem
𝑥 0 = lim

𝑛→0
𝑥 𝑛 = lim

𝑧→∞
X 𝑧

7. Final value theorem
𝑥 ∞ = lim

𝑛→∞
𝑥 𝑛 = lim

𝑧→1
(1−𝑧−1)X 𝑧

8. Time reversal

𝑥 𝑛 ↔X 𝑧      , 𝑅𝑂𝐶        𝑟1 < 𝑧 < 𝑟2

                    𝑥 −𝑛 ↔X 𝑧−1       ,𝑅𝑂𝐶           1
𝑟2
< 𝑧 < 1

𝑟1

Example: : Find Z{-n u(-n)}
Z{n u(n)}= 𝒛

(𝒛−𝟏)𝟐
                  𝑹𝑶𝑪, 𝒁∈ 𝒁 > 𝟏

→Z{-n u(-n)}= 𝟏/𝒛
(𝟏/𝒛−𝟏)𝟐 𝑹𝑶𝑪, 𝒁∈ 𝒁 > 𝟏

Solution:

EE416 DSP



Properties of Z- Transform (ZT)

106

Example: Find the Z-transform including the region of convergence of 𝒙 𝒏 = 𝒄𝒐𝒔 (𝝎𝒐𝒏)𝒖(𝒏)

Solution 𝑍 𝑒𝑗𝜔𝑜𝑛 + 𝑒−𝑗𝜔𝑜𝑛
2

𝑢(𝑛) = 1
2
𝑍 𝑒𝑗𝜔𝑜𝑛𝑢(𝑛) + 𝑒−𝑗𝜔𝑜𝑛𝑢(𝑛) = 1

2
𝑧

𝑧−𝑒𝑗𝜔𝑜
+ 𝑧
𝑧−𝑒−𝑗𝜔𝑜

= 1
2
𝑧2−𝑧𝑒−𝑗𝜔𝑜 + 𝑧2−𝑧𝑒𝑗𝜔𝑜
(𝑧−𝑒𝑗𝜔𝑜)(𝑧−𝑒−𝑗𝜔𝑜)

= 1
2

2𝑧2−𝑧(𝑒𝑗𝜔𝑜 + 𝑒−𝑗𝜔𝑜)
𝑧2−𝑧𝑒−𝑗𝜔𝑜−𝑧𝑒−𝑗𝜔𝑜 + 1

= 1
2

2𝑧2−2𝑧 cos (𝜔𝑜)
𝑧2−𝑧(𝑒−𝑗𝜔𝑜 + 𝑒−𝑗𝜔𝑜) + 1

= 𝑧2−𝑧 cos𝜔𝑜
𝑧2−2𝑧 cos𝜔𝑜 + 1

,    𝑅𝑂𝐶  𝑧 > 𝑒±𝑗𝜔𝑜 → 𝑧 > 1

Solution: Thez-transformX(z) ofx(n) is given by
Example: Find thez-transform and its ROC of the following sequence: x[n]={4, 2, -1, 0, 3, -4}

𝑿 𝒛 = 𝒁 𝒙(𝒏 =
∞

𝒏=−∞
𝒙(𝒏) 𝒛−𝒏=

𝟑

𝒏=−𝟐
𝒙(𝒏) 𝒛−𝒏

= 𝐱 −𝟐  𝒛𝟐 + 𝐱 −𝟏  𝒛𝟏 + 𝐱 𝟎 + 𝒙(𝟐) 𝒛−𝟐+ 𝒙(𝟑) 𝒛−𝟑
= 𝟒 𝒛𝟐 + 𝟐 𝒛 −𝟏+ 𝟑 𝒛−𝟐−𝟒 𝒛−𝟑

Therefore, X(z) will be finite if and only ifzis not equal to 0 or ∞. Its ROC is given by 0 < |z| < ∞. EE416 DSP
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Example: Find the Z-transform including the region of convergence of
𝒙 𝒏 = [ 𝟑(𝟐𝒏)−𝟒 (𝟑𝒏)] 𝒖(𝒏)

Solution.
Assume that 𝒙𝟏(𝒏) = (2𝑛)𝑢(𝑛)  𝑎𝑛𝑑𝒙𝟐 𝑛 = (3𝑛)𝑢(𝑛) then the signal x(n) can be written as
𝒙 𝒏 = 𝟑𝒙𝟏 𝒏 −𝟒 𝒙𝟐(𝒏)....
According to linear property the ZT will be

𝑿 𝒛 = 𝟑𝑿𝟏 𝒛 −𝟒 𝑿𝟐(𝒛)....

We know that [  𝒂𝒏 𝒖 𝒏             𝒁               
= 𝟏
𝟏−𝒂𝒛−𝟏

= 𝒛
𝒛−𝒂

     𝑤𝑖𝑡ℎ 𝑅𝑂𝐶  𝒛 > 𝒂

𝑿𝟏 𝒛 = 𝒛
𝒛−𝟐

     𝑤𝑖𝑡ℎ 𝑅𝑂𝐶  𝒛 > 𝟐

𝑿𝟐 𝒛 = 𝒛
𝒛−𝟑

     𝑤𝑖𝑡ℎ 𝑅𝑂𝐶  𝒛 > 𝟑

Therefore, the overall z-transform will be

𝑿 𝒛 = 𝟑
𝟏−𝟐𝒛−𝟏

− 𝟒
𝟏−𝟑𝒛−𝟏

= 𝟑𝒛
𝒛−𝟐

− 𝟒𝒛
𝒛−𝟑 𝑤𝑖𝑡ℎ 𝑅𝑂𝐶  𝒛 > 𝟑
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Example: Find the Z-transform including the region of convergence of
𝒙 𝒏 = (𝒏−𝟐)𝒂(𝒏−𝟐)𝒄𝒐𝒔 (𝝎𝒐(𝒏−𝟐))𝒖(𝒏−𝟐)

Use Z cos (𝜔𝑜𝑛)𝑢(𝑛) = 𝑧2−𝑧cos𝜔𝑜
𝑧2−2𝑧cos𝜔𝑜+1

and any necessary properties.

Solution:
𝑍 𝑥(𝑛) = 𝑧−2 𝑍 𝑛 𝑎(𝑛)cos (𝜔𝑜𝑛)𝑢(𝑛)   𝒃𝒚 𝒖𝒔𝒊𝒏𝒈 𝒔𝒉𝒊𝒇𝒕 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚

= 𝑧−2 −𝑧 𝑑
𝑑𝑧
𝑍 𝑎(𝑛)cos (𝜔𝑜𝑛)𝑢(𝑛)  𝒃𝒚 𝒖𝒔𝒊𝒏𝒈 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏 𝒃𝒚 𝒏 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚

= −𝑧−1 𝑑
𝑑𝑧
𝑍 cos (𝜔𝑜𝑛)𝑢(𝑛) 𝑧→𝑧

𝑎
 𝒃𝒚 𝒖𝒔𝒊𝒏𝒈 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏 𝒃𝒚 𝒂𝒏 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚

𝑅𝑂𝐶  𝑍 > 𝑎 ,
𝑍 cos (𝜔𝑜𝑛)𝑢(𝑛) = 𝑧2−𝑧 cos𝜔𝑜

𝑧2−2𝑧 cos𝜔𝑜 + 1

𝑍 cos (𝜔𝑜𝑛)𝑢(𝑛) 𝑧→𝑧
𝑎
= 𝑎−2𝑧2−𝑎−1𝑧 cos𝜔𝑜
𝑎−2𝑧2−2𝑎−1𝑧 cos𝜔𝑜 + 1

= 𝑧2−𝑎𝑧 cos𝜔𝑜
𝑧2−2𝑎𝑧 cos𝜔𝑜 + 𝑎2

𝑍 𝑥(𝑛) = −𝑧−1 𝑑
𝑑𝑧

𝑧2−𝑎𝑧 cos𝜔𝑜
𝑧2−2𝑎𝑧 cos𝜔𝑜 + 𝑎2

= …
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Example : Determine the z-transform of the signal

Use the z-transform to determine the DTFT of xn .
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The inverse Z-transformation is used to convert signals/systems from frequency domain (Z-domain) to the discrete
time domain x(n). When using the z-transform

𝑿 𝒛 =
∞

𝒏=−∞
𝒙(𝒏) 𝒛−𝒏

It is often useful to be able to find x[n] given X(z) . This can be done by taking the inverse of Z-transform

𝒙 𝒏 = 𝒁−𝟏 𝑿(𝒛) = 𝟏
𝟐𝝅

𝑿 𝒛  𝒛𝒏−𝟏 𝒅𝒛

we will not evaluate the complex contour integral for the inverse z-transform directly. Instead we will use one of the
following techniques to find the inverse of Z-transform

1.Inspection
2.Partial-Fraction Expansion
3.Power Series Expansion
4.Discrete convolution

EE416 DSP
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This "method" is to basically become familiar with thez-transform pair tablesand then "reverse engineer". In order to
find the inv z-transform, we compare X(z) to one of the standards transform pairs listed in z-transform pair tables
and and of the properties of the Z-Transform

Example : When given X(z) = 𝑧
𝑧−α with an ROC of |z|> α

x[n]=αn u[n]Solution: we could determine "by inspection" that
Example find the inverse z-transform of Y z = 1 + 2𝑧−1 + 3𝑧−2 + 2𝑧−3

Solution : sinceA𝑧−𝑚 = 𝐴 𝛿(𝑛−𝑚)
𝑦 𝑛 = 𝛿 𝑛 + 2𝛿 𝑛−1 + 3𝛿 𝑛−2 + 2𝛿 𝑛−3 =[1, 2, 3 2]
𝑬𝒙𝒂𝒎𝒑𝒍𝒆  Ζ −𝑏𝑛𝑢(−𝑛−1)  = 𝑧

𝑧−𝑏
  ,𝑅𝑂𝐶  𝑧 < 𝑏     →      Ζ−1 𝑧

𝑧−𝑏
= −𝑏𝑛𝑢(−𝑛−1) 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 Ζ −𝑢(−𝑛)  = 𝑧
𝑧−1

  ,𝑅𝑂𝐶  𝑧 < 1         →      Ζ−1 𝑧
𝑧−1

= −𝑢(−𝑛−1) 
𝑬𝒙𝒂𝒎𝒑𝒍𝒆  Ζ 𝑢(𝑛)  = 𝑧

𝑧−1
  ,𝑅𝑂𝐶  𝑧 > 1         →      Ζ−1 𝑧

𝑧−1
= 𝑢(𝑛) 

EE416 DSP
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Example: Determine the signal 𝑥 𝑛  for X 𝑧 = ln(1 + 𝑎𝑧−1), 𝑧 > 𝑎

Solution:

using 𝑍 𝑛𝑥 𝑛 = −𝑧 𝑑
𝑑𝑧
X(𝑧) , 𝑑

𝑑𝑥
ln(𝑢) = 1

𝑢
𝑑𝑢
𝑑𝑥

𝑑
𝑑𝑧
X 𝑧 = 1

1 + 𝑎𝑧−1
−𝑎𝑧−2 →−𝑧 𝑑

𝑑𝑧
X 𝑧 =

𝑎𝑧−1

1 + 𝑎𝑧−1

𝑅𝑂𝐶  −𝑎𝑧−1 < 1 →   𝑧 > 𝑎

Take the inverse of Z-transform for both sides to get:

𝑛𝑥 𝑛 = 𝑍−1 𝑎𝑧−1

1 + 𝑎𝑧−1
→𝑛𝑥 𝑛 = 𝑎 −𝑎 𝑛−1𝑢(𝑛−1)

∴ 𝑥 𝑛 = 1
𝑛
−1 𝑛−1 𝑎𝑛𝑢 𝑛−1

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 Ζ 𝛿(𝑛)  = 1  ,𝑅𝑂𝐶 𝑎𝑙𝑙 𝑧         →      Ζ−1 1 = 𝛿(n)
𝑬𝒙𝒂𝒎𝒑𝒍𝒆   Ζ 𝑛𝑢(𝑛)  = 𝑧

(𝑧−1)2
ROC: 𝑍 > 1   →      Ζ−1 𝑧

(𝑧−1)2
=n u(n)
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