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Differential Equations

Notes:
1- Forced response of the system = particular solution (usually has the form of the input signal).
2- Natural response of the system = homogeneous solution in the form A𝒆𝒔𝒕 (depends on initial conditions & forced response).
3- For causal LTI systems defined by linear constant coefficient differential equations, the initial conditions are always

EE416 DSP

𝒚 𝟎 =   𝒅𝒚 𝟎
𝒅𝒕

= … = 𝒅𝒚𝑵−𝟏 𝟎
𝒅𝒕𝑵−𝟏

= 𝟎

which is called initial rest.
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Differential Equations
Example: Solve the LTI system described by where K is a real number.  𝒅𝒚 𝒕

𝒅𝒕
+ 𝟐𝒚 𝒕 = 𝒙 𝒕   where  𝒙 𝒕 = 𝑲𝒆𝟑𝒕 𝒖(𝒕)

Solution 𝒚 𝒕 = 𝒚𝒑 𝒕 + 𝒚𝒉 𝒕

𝒚𝒑 𝒕 has the same form as x(t) , that is 𝒚𝒑 𝒕 = 𝑪𝒆𝟑𝒕

𝟑𝑪𝒆𝟑𝒕 + 𝟐𝑪 𝒆𝟑𝒕 = 𝑲𝒆𝟑𝒕

Substitute 𝒙 𝒕 and 𝒚𝒑 𝒕 = 𝑪 𝒆𝟑𝒕 in 𝒅𝒚 𝒕
𝒅𝒕

+ 𝟐𝒚 𝒕 = 𝒙 𝒕 , we get

Cancelling the factor 𝒆𝟑𝒕 from both sides we get C= K/5, so that => 𝒚𝒑 𝒕 =
𝑲
𝟓
𝒆𝟑𝒕

Now substituting 𝒚𝒉 𝒕 = 𝑨𝒆𝒔𝒕 into 𝒅𝒚 𝒕
𝒅𝒕

+ 𝟐𝒚 𝒕 =0, to get
𝑨 𝒔 𝒆𝒔𝒕 + 𝟐𝑨𝒆𝒔𝒕=0, which holds for s = -2, to obtain => 𝒚𝒉 𝒕 = 𝑨𝒆−𝟐𝒕

Combining the natural response and the forced response to get the general solution
𝒚 𝒕 = 𝒚𝒑 𝒕 + 𝒚𝒉 𝒕 = 𝑲

𝟓
𝒆𝟑𝒕+𝑨𝒆−𝟐𝒕

For LTI system, the initial rest implies that y(0) = 0 = 𝑲
𝟓
+ 𝑨 => 𝑨 = −𝑲

𝟓

Then the final solution will be
𝒚 𝒕 = 𝑲

𝟓
(𝒆𝟑𝒕- 𝒆−𝟐𝒕)                     for 𝒕 > 𝟎 EE416 DSP
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Difference Equations
A difference equation is the discrete-time analogue of a differential equation. We simply use differences (x[n]−x[n−1]) rather
than derivatives ( dx(t)/dt). The discrete-time counterpart of the general differential equation is the Nth order linear constant-
coefficient difference equation given by 𝑵

𝒌=𝟎
𝒂𝒌 𝒚[𝒏−𝒌] =

𝑴

𝒌=𝟎
𝒃𝒌  𝒙[𝒏−𝒌]

where coefficients ak, and bk, are real constants. The order N refers to the largest delay of y[n].

EE416 DSP
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Difference Equations

It should also be noted that, in example above, the impulse response 𝒉 𝒏 contains an infinite number of terms in its duration
due to the past output term 𝒚 𝒏−𝟏 . Such a system is called an infinite impulse response (IIR) system.

Example Solve the following difference equation 𝑦[𝑛]− 1
2
𝑦[𝑛−1] = 𝑥[𝑛]   where 𝑥[𝑛] = 𝐾𝛿[𝑛] and assume initial rest.
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Difference Equations
Example: Given the linear time-invariant system       𝒚 𝒏 = 𝟎.𝟓𝒙 𝒏 + 𝟎.𝟐𝟓 𝒙 𝒏−𝟏  
Determine the impulse response 𝒉 𝒏 . Write the output using the obtained impulse response.
Solution: let 𝒙 𝒏 = 𝜹 𝒏 , then 𝒉 𝒏 = 𝟎.𝟓 𝜹 𝒏 + 𝟎.𝟐𝟓 𝜹 𝒏−𝟏

Thus, for this particular linear system, we have 𝒉 𝒏 =
𝟎.𝟓 𝒏 = 𝟎
𝟎.𝟐𝟓 𝒏 = 𝟏
𝟎.𝟎 otherwise

The output response can be written as                  𝒚 𝒏 = 𝒉(𝟎)𝒙 𝒏 + 𝒉(𝟏) 𝒙 𝒏−𝟏

89EE416 DSP
From this result, it could be noted that if the difference equation without the past output terms,   𝒚 𝒏−𝟏 , 𝒚 𝒏−𝟐 , …, 𝒚 𝑵 , that is the
corresponding coefficients 𝒂𝟏, 𝒂𝟐, …, 𝒂𝑵, are zeros, the impulse response 𝒉(𝒏) has a finite number of terms. We call this a finite impulse
response (FIR) system.
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Difference Equations
Example (Second-order system) : Find the first three terms in output response for system described by

EE416 DSP
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Difference Equations
Example: Find and plot the output response for the system described by the following DE

y[n] - 0.8y[n - 1] - 5 x[n]=0

Assume that the input signal is with rest conditions.

Solution: Rest conditions: y[n] = 0 for n < 0.

x[n] = 2δ[n] - 3δ[n - 1] + 2δ[n - 3]

y[0] = 0.8 y[-1] + 5 x(0) = 0.8(0) + 5(2) = 10
y[1] = 0.8 y[0] + 5 x[1] = 0.8(10) + 5(−3) = −7
y[2] = 0.8 y[1] + 5 x[2] = 0.8(−7) + 5(0) = −5.6
y[3] = 0.8 y[2] + 5 x[3] = 0.8(−5.6) + 5(2) = 5.52
y[4] = 0.8 y[3] + 5 x[4] = 0.8(5.52) + 5(0) = 4.42
y[5] = 0.8 y[4] + 5x[5] = 0.8(4.416) + 0 = 3. 53
y[6] = 2.83
y[7] = 2.26

y[n] = 0.8y[n - 1] + 5 x[n]

EE416 DSP
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Block Diagram Representations

Example: Represent the following Equations by block diagram
Solution:

Block diagram for y(n)+a y(n-1)=b x(n) EE416 DSP
Check yourself for



Z- Transform (ZT)
The 𝑧-transform is a very important tool in describing and analyzing systems. It also offers the techniques for digital filterdesign and frequency analysis of DT signals. It is an Extension of DTFT but can be applied to a broader class of signals thanDTFT. It used to evaluate the stability and causality of LTI system (this can be done by analysing the roots of the polynomial).ZT transforms a discrete-time signal (in time domain) to frequency 𝑧-plane (polynomial).The Z-transform of the discrete signal x(n) is expressed as:

The z in the above definition is a complex variable 𝒛 = 𝒆𝒋Ω. Recall the definition of DTFT.

𝑿 𝒛 = 𝒁 𝒙(𝒏 =
∞

𝒏=−∞
𝒙(𝒏) 𝒛−𝒏

𝑿 Ω =𝓕 𝒙[𝒏] =
∞

𝒏=−∞
𝒙 𝒏  𝒆−𝒋Ω 𝒏 ∴ 𝑿 𝒛 𝒛=𝒆𝒋Ω =𝑫𝑻𝑭𝑻 𝒐𝒇 𝒙 𝒏

Note that for causal sequence, the summation taken from n = 0 to n = ∞

 𝑿 𝒛 =
∞

𝒏=𝟎
𝒙 𝒏  𝒛−𝒏 =  𝐱 𝟎  𝒛𝟎 + 𝐱 𝟏  𝒛−𝟏 + 𝐱 𝟐  𝒛−𝟐 +  ..…

EE416 DSP 93
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Region of Convergence (ROC)
A region on the 𝑧-plane where the magnitude of X(𝑧) is not∞ where

  𝑿 𝒛 ≤ 𝑹 ≠∞

Converge means X(𝑧) has a true value which is not infinity. In other words, X(𝑧) exists.
• Boundary of ROC is a circle centered at 𝑧=0
• Only poles will determine the ROC where zeros gives no effect to the ROC
• ROC is a region between poles. Thus, there must be no poles inside ROC
• ROC is a connected region. Thus, only three shapes of ROC are valid, or else there will be no ROC for the system.
• In general, this region is bounded by

Rx− is lower (minimum) limit of this region may be zero,
Rx+ is upper (maximum) limit of it may be infinity.

𝑹𝒙− < 𝒛 < 𝑹𝒙+

EE416 DSP
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Z- Transform (ZT)
Example 1: Find the Z-transform including the region of convergence of

𝑥 𝑛 = 𝑎𝑛𝑢 𝑛 = 𝑎𝑛         𝑛 ≥ 0
0           𝑛 < 0

Solution:

𝑋 𝑧 =
∞

𝑛=−∞
𝑥 𝑛 𝑧−𝑛 =

∞

𝑛=−∞
𝑎𝑛𝑢(𝑛) 𝑧−𝑛 =

∞

𝑛=0
(𝑎𝑧−1)𝑛

By using the geometric series        
∞

𝑛=0
𝑥𝑛 = 1 + 𝑥 + 𝑥2 +… = 1

1−𝑥
,    𝑥 < 1

∴ X 𝑧 =
∞

𝑛=0
𝑎𝑧−1 𝑛= 1

1−𝑎𝑧−1
= 𝑧
𝑧−𝑎

The above result converges if 𝑎𝑧−1 < 1 𝑜𝑟  𝑧 > 𝑎 R𝐎𝐂:  𝒛 > 𝒂

Positive region

EE416 DSP



96

Z- Transform (ZT)
Most useful z-transforms can be expressed in the form,   𝑋 𝑧 = 𝑃(𝑧)

𝑄(𝑧)
, where P(z) and Q(z) are polynomials in z represent the

numerator and denominator of X(z) respectively. The values of z for which P(z) and X(z) equal to zero are called the zeros of
X(z), and the values with Q(z) = 0 and X(z) goes to infinity are called the poles.

∴ 𝐙(𝒂𝒏 𝐮(𝐧)) = 𝒛
𝒛−𝒂

R𝐎𝐂:  𝒛 > 𝒂

Poles: z=a
Zeros: z=0

EE416 DSP
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Z- Transform (ZT)
Example 2: Find the Z-transform including the region of convergence of

𝑥 𝑛 = −𝑏𝑛𝑢(−𝑛−1) Negative region

𝑋 𝑧 =
∞

𝑛=−∞
𝑥 𝑛 𝑧−𝑛 =

∞

𝑛=−∞
−𝑏𝑛𝑢(−𝑛−1 𝑧−𝑛 = −

−1

𝑛=−∞
𝑏𝑧−1 𝑛

Solution:

By letting n=−m in the above summation, that is changed the variables, and since interchanging the order of summation has
not changed the sign, X(z) becomes

𝑋 𝑧 = −
∞

𝑚=1

𝑧
𝑏

𝑚
= 1−

∞

𝑚=0

𝑧
𝑏

𝑚
= 1− 1

1−𝑧
𝑏
= 𝑧
𝑧−𝑏

ROC of this transform is 𝑧/𝑏 < 1 → 𝑍 < 𝑏

EE416 DSP
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Z- Transform (ZT)
Example 3: Find the Z-transform including the region of convergence of 𝑥 𝑛 = 𝑎𝑛𝑢(𝑛)−𝑏𝑛𝑢(−𝑛−1)
Solution:

𝑋 𝑧 =
∞

𝑛=−∞
𝑥 𝑛 𝑧−𝑛 =

∞

𝑛=−∞
𝑎𝑛𝑢(𝑛)−𝑏𝑛𝑢(−𝑛−1 𝑧−𝑛 =

∞

𝑛=−∞
𝑎𝑛𝑢(𝑛 𝑧−𝑛−

∞

𝑛=−∞
𝑏𝑛𝑢 −𝑛−1 𝑧−𝑛= 𝑧

𝑧−𝑎
+ 𝑧
𝑧−𝑏

From previous two examples the regions of convergence of them are 𝑧 > 𝑎 and 𝑧 < 𝑏 respectively. And the final region of
convergence of the result in this example is the intersection between these two regions.

𝑅𝑂𝐶 𝑖𝑠  𝑧 > 𝑎 ∩ 𝑧 < 𝑏

For drawing this region, it depends upon the values of the two variables a and b.
• If 𝒃 < 𝒂 , the above intersection is the empty set, i.e. the transform doesn't converge.

𝑹𝑶𝑪 𝒊𝒔  𝒛 > 𝒂 ∩ 𝒛 < 𝒃 =null
• If 𝒃 > 𝒂 , the transform converges in the annular region as shown in Figure below.

𝑹𝑶𝑪 𝒊𝒔  𝒛 > 𝒂 ∩ 𝒛 < 𝒃 = a<|z|<b
EE416 DSP


