Decimation in Time algorithm (DIT)

There are two types of FFT algorithms. They are Decimation in time (DIT) and Decimation in Frequency (DIF). In DIT
algorithm, we divide x(n) into 2 sub-sequences each of length N/2 by grouping the even-indexed samples and odd indexed

samples together, where
X(K)= ) x[n] W+ x[n] W
Even Odd

Let n=2r for the even sum and k=2r+1 for the odd sum for r=0,1,2,...... N2/-1, we get:

N/2-1 N/2-1 N/2-1 N/2-1
X (k) = Z x[2r] W2k 4 Z x[2r+1] WEEHD = Z glrl W2kr 4 wzkvz: hr] W3kr
r=0 r=0 r=0 r=0
since WJZ\, = W%, then N1 N1
X (k) = Z glr N/2 + Wy Z hlr N/2
Thus X(k)=G()+ WK H(k) k=0, 1 2 3 N/2-1

Where G(k) and H(k) denote the N/2 point DFTs of the sequences g(r) and h(r), respectively. Since G(k) and H(k) are periodic
with period N/2, we can write last equation as:

X (k) =G(k) + WK H(k)
N K+
X(k +E) =G (k) + Wy 2 H(k) = G(k)- WX H(k)
Al
Since WN+2 = —W1’§, summerty property
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Fast Fourier Transform (FFT)

Comparison of DFT and FFFT with Reduced Number of Multiplication and Addition Operations can be given by

Number Direct computation Radix -2 FFT
po?::ts Con_1 |_Jlex Cc_rm_ple:i: Complex Cc_rm_ple:i:
N additions Multiplication additions Multiplication
N(N —1) N2 Nlog,N (N/2)logsN
4 12 16 8 4
8 56 64 24 12
16 240 256 64 32
32 992 1,024 160 80
64 4032 4,096 384 192
128 16,256 16,384 896 448

Example: Find the speed improvement factor between DFT and FFFT with Number of Multiplication Operations for N=647
Solution: The complex multiplications required by DFT is N?=642= 4096.

The complex multiplications required by FFT N/2 log,N=64/2 log, 64== 192.
The speed improvement factor = 4094/192= 21.33 128



DIT-FFT

Example : Let us illustrate the ideas behind FFT algorithm by using a simple example having N = 4.
Solution: Nj2-1 1

1
X,[K] O 0 XK
CHM =) gld Wi, :Z [27] Wi, =x(0) WS +x(2) W Pl e
r=0 ;{: N
G(0) =x(0) WS +x(1) W) =x(0) +x(2) T e o
G(1) = x(0) wO +x(1) w1 =x(0)-x(2) XlH= g O x e+ 5]
N/2-1 1
Butterfly Diagram
H (k) = Z il Wik, =Z [2r +1] Wik, =x(1) W) +x(3) WE Yo
r= Stage | Stage 2
H(0) =x(1) WO+x(3) W9 =x(1) +x(3)
H(1) = x(1) W0+ x(3) WL =x(D)-x(3) x(0) oo *——x(0)
\ \ /// W40
X (k) =G (k) + WK, H(k) ey \/
X (0) = G(0) + WO H(0) x(2) i AT AT O
X(1) =G(1) + Wl HQ) /’ \;,>< W
/ \
HO) / N/
x(k + %]) = G (k) - Wk, H(k) x(1) AN *—— X(2)
X (2) =G (0)- W2 H(0) / 0\
| ) \
X(B3)=G(1)- W}l H(1) x(3) H{) / J\o X(3)
w,! —w,!
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Signal flow graph for 4-point DIT FFT algorithm or FFT butterfly signal flow diagram



FFT

Note that the inputs have been shuffled so that the outputs are produced in the correct order. This can be represented
as a bit-reversing process. For previous example we have 00 01 10 11 and its bit reversal will be 00 10 01 11 or 0 2
1 3. This is used each time a signal 1s separated into its even and odd decomposition as shown for the 8-point

samples:
0,1,2,3,4,5,6,7

0,2,4,6,1,3,5,7
0,4,2,6,1,5,3,7
. . . . . Decimation | Decimation 2
This decomposition is carried out by the bit reversed s s
Memory Address Memory
Time Point Binary Reversed- Order (decimal) {binary) \
(n) Word Bit Word 0 000 x(0) ol X0 o 20
0 000 000 x[0] 1 001 | x) *(2) >< x(4)
1 001 100 x[4] 2 010 x(2) x(4) : x(2)
2 010 010 x[2] 3 o1l x(3) x(6) - x(6)
3 011 110 x[6] 4 104 x(4) x(1) -1 x(i)
4 100 001 x[1] 5 101 | x(5) x(3) >< x(5)
5 101 101 x[5] g D ) e x(5) x(3)
7 ill 7 o s
6 110 011 x[3] ": ‘ 0 -’T)
7 111 111 x[7] Natural Bit-revetsed
Order Order




FFT example with steps

Example: Compute the DFT for sequence x[n]={1, 0, 1, 0}? Use 4-point DIT FFT algorithm ?

1. Determine the length of FFT: N=4
2. Calculate the Twiddle Factors. Two Twiddle factors needed for 4-point FFT Wg =1, and WL} =~
3. Decimate the input sequences (bit reversal process)

Input | Binary | Reverse Bit
bit Word Bit Reversed
Index Word Index stage 1 stage 2
0 00 00 0 x(0) =1 > D2 ® 2+0=2=X{0)
1 01 10 2
2 10 01 1
3 11 11 3
x(2) =1 D0 @ 0+0=0=X(1)
wo=1 -1

Plotting the Signal Flow Graph for first stage
Calculate the Output of the first stage

Plotting the Signal Flow Graph for Second stage
Calculate the Output of the Second stage ¥(1)=0 @0 WO
Summarizing all FTTs

® 2+0=2=X(2)

XN

X[k]={2, 0, 2, 0}

*® 0+0=0=X(3)

Note that the number of stages = log:N 131



Decimation-in-Frequency (DIF) Algorithm:

The DIF FFT algorithm is obtained by dividing the output sequence X(k) rather than the input sequence x(7) into several sub-
sequences. Separate the first N/2 points and the last N/2 points of the sequence x(n) together, we get

N/2-1 N/2-1
k(n+—)
X (k) = 2 x[n] W+ 2 xln+—| Wy
2
n=0 n=0
Nj2-1 N/2-1
N
X(k) = Z x [n] Wlli}i + WZ%, z X n+%l] WJI{?
N n=0 n=0
S N .
, k:even N1 ot
k
X(k)ZX x[n] Wzli;l + (—1) 2 xn+g] W]li;l
n=0
For even values of k (k = 2r) and by exploiting recursion property: WZZ\;”‘ = WKIV/Z, r=0,1,.. N2-1
N/2-1 N/2-1
X(ZT‘):Z X[n] + X n+N]] Wnr—Z g N G(k) Whereg(n): X[n] + X n+g]]
n=0 >

For odd values of k (k = 2r + 1) and by exploiting recursion property: I/V(Azlrﬂ)" = WY

N/2 Wy, r=01,..N/2-1

n+3| Wy

N/2-1 N/2-1

X2r+1) = 2 n+ N” s Wi Z hn W"r — H(k) where h(n) =

n=0

—X

x[n] —x



FFT

h ' th fly.
g(n) and N(n) can be recognized by the butterfly " (n )_Q O ol

x(n+—) - ) o h[n]

Butterfly of Radix-2 DIF FFT algorithm

Example Given a sequence x(n) for 0 <n <3, where x(0) =1, x(1) =2, x(2) =3, and x(3) =4
a. Evaluate its DFT X(k) using the DIF FFT method. b. Determine the number of complex multiplications.

Solution: WY = e’ T 1l,and W} = e 721 = cos (—g) + jsin (—g) =—,
X(K)={10, -2+j2, -2, -2-2} Bit index Bit reversal
The complex multiplications is 00 X(D)= = _ X[O] 00
N/2 log,N=4/2 log, 4=4 01 - X{E] 10
10 X2 H‘g"—z‘ [2 X(1) 01
11 X3 1
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FFT

Example: Compute the 4-point FFT of the aperiodic sequence x[n]={1, 2, 3, 4}? Use DIT and DIF algorithms ?

. —i £ %0 —iZx1 . . .
Solution Wg = J 4 x = 1’ and Wi =e ]2 x :COS(—g) +]Sln(_§) =]

iRt S T S - .YU =1 . = = 1
X0l =1, 1 S X0 = 10 0)=1__ A L » X(0) = 10
TN ' : Tiv a0k
: : : | : I !
- ! : I . ' I ! Ixz - _2
x(2] —3:_ : L X() = -2+ 2 1] =2_! L ¥ : (2)
I Wg -1 ' 1 ! I 1 -1 wo
1 ! i 1 . | 2
1 : 1 : " I :
1] =2, : 1 = by 2
s : 1 : —X(2) = -2 x2] =3 ! i 1 :X(U 2+)2
I 1 ' | | : " 1 I
1 ! | 1 " | 1
: : : ' ! '
= i 1 2. 1
3] “":-WO 1 : _X@) = -2-2 3] =4 ! L 251 d ' X(3) = -2-)2
- I * ] T +
i P . ' '\ -1 w;l, ) -1 we |
s G Sagoz
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» Difference between DIT and DIF:

— In DIT, the input is bit-reversed while the output is in natural order. For DIF, the input is normal order, while
output is bit—reversed.
— Considering the butterfly diagram, in DIF, the complex multiplication takes place after the add—subtract
operation.
» Similarities:
» Both algorithm requires same number of operations to compute DFT.
» Both algorithms require bit-reversed at same place during computation.

DIT DIF

Xe(k) X(k)
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4 point DIT FFT structure
x(i1) . = X
L .
% o
x(2) 5 — X)
Wi 1 \ R
K\
(1) . e b xi2)
/ Wy ; -1
\\ /#" i
. ff
x(3) . T L - X(3)
Wy -1 Wy 1
8 point DIT FFT structure
| Stage 1 | Stage 2 ‘ Stage 3
x[0] e - - - =0 X[0]

4 point DIF FFT structure

x(0) . .o -

Y

X(0)

(o]

| Stage 1 ‘ Stage 2 | Stage 3 |
x[0] Cr—i O O O X[0]
NV
x[1] O Q O O B O X[4]
XK we
x[2] L/\v O O—0 X[2]
w? ><: wpe
K[3] - &, 8 S ) g O X[e]
wo
K[4] 8 ~ I 5 ™ O K[l]
Wl\/ :>< WO
x[5] e O—O O——O X[5]
wz WU
x[6] O>—0 o—20 O—0O XI[3]
w! /\’\ wz :X: wﬂ
x[?]/ O—0 0—-0 O—2-0 X[7]




FFT- Example - N=8

Example Compute the 8 point DFT of the sequence x(n)=[1,-1,2,0, 1,3, 1, -1] using

1-Direct computation DFT 7
- Linear Transformation X(0) = Z (MWL =x(0)Wy + x()W3 + x(2)Wg + x(BIWF + x(OWE + x(BO)WL + x(6)WL + x(7)We =1—-1+2+0+1+3+1-1=6

n=0

3- FFT- DIT algorithm X(1) = ) xmWg =x(O)W + ()W} + (W + x(W; + x (W + x(SWS + x(EWE +x(N)WJ
Solution: = § A .6 , 1 [CRE e S
(1) Direct computation DFT v lfl) = [ﬁ{l EURCAL [\J_EH -p|-1+3 [EH 0|+ 11 [ﬁ“ +0] - =Y

X(2)= Z x(MWE™ = x(0)W? + x(1)WZ + x(2)W + x(3IWE + x(4)Wi + x(B)WE + x(6)Wi? + x(7)Wg*

N-1 ~
xX2) = xffo)wg + x(DWF + x(2)We + x(BIWE + x(WL + x(BIWE + x(6)Wg + x(TIWE =1—1(—)+2(-D+0(H+ 1+ 3(—)H + 1(—1) — 1())
X (k) :2 x[n] Wk s
n=0

X3) = Z (MW" = x(0)W2 + x(1)Wg + x(2)WE + x(3)Wyg + x(4) W2 + x(5) W3 + x(6) W + x ()Wt

k=012 3. N-I X(3) = 2O)WE + (D)W + x(2)WE + x(3)WE + x(R)We + x(5)W + x(6)WE + x(7)WS .
2 X(3) = 1?(1) 1 [\%{—1 —j)] 4240 [%(1 —j)] 143 [\;_15(1 +j)] 11 [\%(—1 +j)] = (%+ 1)
W = e_j ﬁn X(4)= Z x(MWg™ = x(O)W? + x(L)Wgt + x(2)We + x(3)W2 + x (W8 + x(B)WE° + x(6)Wg* + x(7) W22
N - n=0

X(4) =x(OWL + x(DHWg + x(Q)WL + x(W + x(DWP + x(B)Wg + x(O )WL +x(MWe =1-1(-1D+ 2+ 0(—1)+1+3(-1D)+1-1(-1) =4
X(55) = Z (W™ = x(0)W2 + x(1)Wg + x(2)Wa° + x(3)WS + x()WZ° + x(B)WZS + x(6)W° + x(7)W>

X(5) = 2(O)W? + x(D)WF + x(2)W2 + x(3)WJ + x(D)W2 + x(5)W2 + x(E)WE + x(7)W2
X(5) = 1(1)

1 ; : 1 : 1 : ; 1 . 5 3 »
| —1[5{—1 +;)]+ 2(~) +0[ﬁ(1 +;)]+ 1(-1) +3 [\—5(1—;)] Py 1[5(—1 —;)] Z\I_E_(EJF 1);
X(6) = Z x(MWE™ = x(O)WE + x(V)We + x(2)Wa? + x(3)W,2 + x()WZ* + x(B)WE° + x(6)Wg® + x(7)Wg?

X(6) = xfo)wg" + x(DWE + x(2)Wg + xBIWE + x(OWL + x(BIWE + x(6)Wg + x(TIWE =1—1(N+2(—1)+0(—) + 1+ 3() + 1(—1) — 1(—))
X(6)=—-1+3j

X7 = Z x(MWF™ =x(0O)W2 + x(1WY + x(2)Wa* + x(3IWEL + x(4)WZ2 + x(B)WES + x(6) W2 + x(7)Wg°
X(7) = (OYWS + x(D)WJ + x(2)WSE + x(3)WS + x(D)W2 + x(5)W2 + x(6)WZ + x(7)W
5 3

X(7) =1(1) 1 [J—lim +]+2j+0 [%(—1 D]+ 11 +3 [%{—1 -]+ 16p -1 [%(1 D)= 5



FFT- Example - N=8

Example Compute the DFT of the sequence x(n)=[1,-1,2,0, 1, 3,1, -1] using

Solution:

(2) Linear Transformation

N-1
— kn
X(k)=) x[n] Wy
n=0
k=012 3...... N-1
_j2m
Wy=e N
W=
W, =—0.707 — j0.707 WY =0.707 + j0.707
W' =1 WP =1
W, = -0.707 - j0.707 W, =0.707 = j0.707
Wy =)
(b} h-pninl DFT
1.1 s 1,1
Wg AN Wg AN
2 6_-
Wg=- We=j
3_ 1 _.l 7 1 ..1
Wg 72 ) NG Wg \/E+J NG

We We Wy
Wy W Wi
Wy Wy Wy
Wy Wy Wy
We Wy Wy
wg wy wg?
Wy Wy Wg?
Wy Wy wgt
!

1

1

1

X(K) =|,

1

1

1
Xm)=k,

we ow? o wg ow? wp 'Wé; Wél’ Wéz’ Wé;
w; Wi Wy W wy Ws(;) Wg Wi Ws;
W OWg Wi’ wgr owgt W% W% W% Ws1
Wy W32 wgc wg® wgt| | W% W Wy W
WS Wg WE wEt Wit | We W§; Wéz’ Wé;
Wge W% Wyt Wyl wg® W% Ws6 Wi Ws;
Wit wit wg? wi wg?| (Wg Wy Wy Wy
w2l owz@ wiE w2z owgl wg wiowg wg
X(K) = Wg x x(n)T
1 1 1 1 i | 1 j |
1 1 1 1
—G-) - —=G-) -1 —=CG1+) j —=G+))
\/; j ] \/; J \/-2- j ] \/; J
—J -1 J 1 — -1 J
1 1 1 1
—(1+) j —=G-) -1 —=G+) - —=(1+)
\/; ] \/; ] \/; ] \/; J
-1 1 -1 1 -1 | -1
1 1 i | 1
—(1+) - —=G+) -1 —=G-) j —=(1-))
\/; J ] \/; Yy \/; J ] \/; ]
J ~4 —§ 1 J g | —3
1 1 1 1
—=@+) j —=C+) -1 —=(1-) - —=0G-)
\/; J \/; J \/; ] \/; J I
5 (3 ) 3 5 3
——+|\—=-1)j-1-3,—=+(—-Dj,4,—=—-(—-1j,-1+
v v I j v (\/; )] NARAWA )j

5

3j,—

\/—_(



FFT- Example - N=8

Example Compute the DFT of the sequence x(n)=[1,-1,2,0, 1, 3,1, -1] using

Solution:
(3) FFT- DIT algorithm

N-1
X(K) =) x[n] W
n=0

k=012 3.... N-1

6

X(0)
-jH(-4-)) Wg
X(1)
-1+3 Wi=-1-3;
X(2
J+(-4+)) Wy
X(3)

4
A. — X(4)
- : N g
*G) ] . SR

0 g ‘ \. -1-3W2=-143]
x(3) s ' e X(6)

o

-1 Wi -1 s -1

3 5 3 S 3 S 3
—185h-1—3." = -Dj,4,—=—-(CC=-1), -1 3j,— " — — 1)
+(\/; )] ]\/;“"(\/; )J \/; (\/; )J + 3) \/; (\/; )]]



Digital Filter Design

* Afilter is essentially a system or network that selectively changes the wave shape, amplitude and or phase-frequency
characteristics of a signal in a desired manner.

« Common filtering objectives are to improve the quality of a signal .... (to remove or reduce noise), to extract information
from signals or to separate two or more signals previously combined to make, for example, efficient use of available

communication channel.

» Adigital filter is a mathematical algorithm implemented in hardware and /or software that operate on a digital input signal
to produce a digital output signal of achieving a filter objective. A simplified block diagram of a real time digital filter with
analogue input and output signals is shown in Figure below. So digital filter is a system that perform the mathematical
operation in signal processing on a sampled signal to reduce or enhance certain aspects of that signal

- (t) Analog-to-digital

converter

x[n] y[n]

——» Digital filter ——»

Electronic Filter

Digital-to-analog-
to- converter

-
- vy,
er120 )
e Ray
RS .
T
\ &

Low-Pass Electrical Filter

Reconstruction
filter

EMI Filters

y(t

140



