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There are two types of FFT algorithms. They are Decimation in time (DIT) and Decimation in Frequency (DIF). In DIT
algorithm, we divide 𝑥(𝑛) into 2 sub-sequences each of length N/2 by grouping the even-indexed samples and odd indexed
samples together, where

𝑿 𝒌 =
𝑬𝒗𝒆𝒏

𝒙 𝒏    𝑾𝒌𝒏
𝑵  +

𝑶𝒅𝒅
𝒙 𝒏    𝑾𝒌𝒏

𝑵  

Let 𝑛=2𝑟 for the even sum and 𝑘=2𝑟+1 for the odd sum for 𝑟=0,1,2,…..,𝑁2⁄−1, we get:

𝑿 𝒌 =
𝑵/𝟐−𝟏

𝒓=𝟎
𝒙 𝟐𝒓    𝑾𝟐𝒌𝒓

𝑵  +
𝑵/𝟐−𝟏

𝒓=𝟎
𝒙 𝟐𝒓 + 𝟏    𝑾𝒌(𝟐𝒓+𝟏)

𝑵  =
𝑵/𝟐−𝟏

𝒓=𝟎
𝒈 𝒓    𝑾𝟐𝒌𝒓

𝑵  +  𝑾𝒌
𝑵

𝑵/𝟐−𝟏

𝒓=𝟎
𝒉 𝒓  𝑾𝟐𝒌𝒓

𝑵  

since𝑾𝟐
𝑵 
=𝑾 

𝑵
𝟐

then
𝑿 𝒌 =

𝑵/𝟐−𝟏

𝒓=𝟎
𝒈 𝒓    𝑾𝒓𝒌

𝑵/𝟐 +  𝑾𝒌
𝑵

𝑵/𝟐−𝟏

𝒓=𝟎
𝒉 𝒓  𝑾𝒓𝒌

𝑵/𝟐 

𝑋 𝑘 = 𝐺 𝑘 +  𝑊𝑘
𝑁 𝐻(𝑘) k = 0, 1, 2, 3...... N/2-1Thus

Where 𝐺(𝑘) and 𝐻(𝑘) denote the N/2 point DFTs of the sequences 𝑔(𝑟) and ℎ(𝑟), respectively. Since 𝐺(𝑘) and 𝐻(𝑘) are periodic
with period N/2, we can write last equation as:

𝑿 𝒌 = 𝑮 𝒌 +  𝑾𝒌
𝑵 𝑯 𝒌

𝑿 𝒌 +𝑵
𝟐

= 𝑮 𝒌 +  𝑾
𝒌+𝑵

𝟐
𝑵  𝑯 𝒌 =𝑮 𝒌 − 𝑾𝒌

𝑵 𝑯 𝒌

Since𝑾𝒌+𝑵𝟐
𝑵  

= −𝑾𝒌
𝑵 𝑠𝑢𝑚𝑚𝑒𝑟𝑡𝑦 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 
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Comparison of DFT and FFFT with Reduced Number of Multiplication and Addition Operations can be given by

Example: Find the speed improvement factor between DFT and FFFT with Number of Multiplication Operations for N=64?Solution: The complex multiplications required by DFT is N2=642= 4096.
The complex multiplications required by FFT N/2 log2N=64/2 log264== 192.
The speed improvement factor = 4094/192= 21.33
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Example : Let us illustrate the ideas behind FFT algorithm by using a simple example having 𝑁 = 4.
Solution:

𝐺 𝑘 =
𝑁/2−1

𝑟=0
𝑔 𝑟    𝑊𝑟𝑘

𝑁/2 =
1

𝑟=0
𝑥 2𝑟  𝑊𝑟𝑘

𝑁/2 = 𝑥 0  𝑊0
2 + 𝑥 2  𝑊𝑘

2

𝐺 0 = 𝑥 0  𝑊0
2 + 𝑥 1  𝑊0

2 = 𝑥 0 + 𝑥 2
𝐺 1 = 𝑥 0  𝑊0

2 + 𝑥 1  𝑊1
2 = 𝑥 0 −𝑥 2

𝐻 𝑘 =
𝑁/2−1

𝑟=0
ℎ 𝑟    𝑊𝑟𝑘

𝑁/2 =
1

𝑟=0
𝑥 2𝑟 + 1  𝑊𝑟𝑘

𝑁/2 = 𝑥 1  𝑊0
2 + 𝑥 3  𝑊𝑘

2

𝐻 0 = 𝑥 1  𝑊0
2 + 𝑥 3  𝑊0

2 = 𝑥 1 + 𝑥 3
𝐻 1 = 𝑥 1  𝑊0

2 + 𝑥 3  𝑊1
2 = 𝑥 1 −𝑥 3

𝑋 𝑘 = 𝐺 𝑘 +  𝑊𝑘
𝑁 𝐻(𝑘)

𝑋 0 = 𝐺 0 +  𝑊0
4 𝐻(0)

𝑋 1 = 𝐺 1 +  𝑊1
4 𝐻(1)

𝑋 𝑘 + 𝑁
2

= 𝐺 𝑘 − 𝑊𝑘
𝑁 𝐻(𝑘)

𝑋 2 = 𝐺 0 − 𝑊0
4 𝐻(0)

𝑋 3 = 𝐺 1 − 𝑊1
4 𝐻(1)

Signal flow graph for 4-point DIT FFT algorithm or FFT butterfly signal flow diagram
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Note that the inputs have been shuffled so that the outputs are produced in the correct order. This can be represented
as a bit-reversing process. For previous example we have 00 01 10 11 and its bit reversal will be 00 10 01 11 or 0 2
1 3. This is used each time a signal is separated into its even and odd decomposition as shown for the 8-point
samples:
0, 1, 2, 3, 4, 5, 6, 7

0, 2, 4, 6, 1, 3, 5, 7
0, 4, 2, 6, 1, 5, 3, 7

This decomposition is carried out by the bit reversed sorting as follows:
Time Point(n) BinaryWord Reversed-Bit Word Order

0 000 000 x[0]
1 001 100 x[4]
2 010 010 x[2]
3 011 110 x[6]
4 100 001 x[1]
5 101 101 x[5]
6 110 011 x[3]
7 111 111 x[7]
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Example: Compute the DFT for sequence x[n]={1, 0, 1, 0}? Use 4-point DIT FFT algorithm ?
1. Determine the length of FFT: N=4
2. Calculate the Twiddle Factors. Two Twiddle factors needed for 4-point FFT       𝑾𝟎

𝟒 = 𝟏, and       𝑾𝟏
𝟒 = −𝒋

3. Decimate the input sequences (bit reversal process)

4. Plotting the Signal Flow Graph for first stage
5. Calculate the Output of the first stage
6. Plotting the Signal Flow Graph for Second stage
7. Calculate the Output of the Second stage
8. Summarizing all FTTs

InputbitIndex
BinaryWord ReverseBitWord

BitReversedIndex
0 00 00 0
1 01 10 2
2 10 01 1
3 11 11 3

X[k]={2, 0, 2, 0}

Note that the number of stages = log2N



Decimation-in-Frequency (DIF) Algorithm:
The DIF FFT algorithm is obtained by dividing the output sequence 𝑋(𝑘) rather than the input sequence 𝑥(𝑛) into several sub-
sequences. Separate the first N/2 points and the last N/2 points of the sequence 𝑥(𝑛) together, we get

𝑿 𝒌 =
𝑵/𝟐−𝟏

𝒏=𝟎
𝒙 𝒏    𝑾𝒌𝒏

𝑵 +
𝑵/𝟐−𝟏

𝒏=𝟎
𝒙 𝒏 + 𝑵

𝟐
   𝑾

𝒌(𝒏+𝑵
𝟐
)

𝑵  

𝑿 𝒌 =
𝑵/𝟐−𝟏

𝒏=𝟎
𝒙 𝒏    𝑾𝒌𝒏

𝑵   +    𝑾
𝑵
𝟐
𝒌

𝑵

𝑵/𝟐−𝟏

𝒏=𝟎
𝒙 𝒏 + 𝑵

𝟐
   𝑾𝒌𝒏

𝑵  

Since    𝑾
𝑵
𝟐𝒌
𝑵 = −𝟏,  𝒌:𝒐𝒅𝒅

𝟏,  𝒌:𝒆𝒗𝒆𝒏 = (−𝟏)𝒌 then
𝑿 𝒌 =

𝑵/𝟐−𝟏

𝒏=𝟎
𝒙 𝒏    𝑾𝒌𝒏

𝑵   +    (−𝟏)
𝒌
 
𝑵/𝟐−𝟏

𝒏=𝟎
𝒙 𝒏 + 𝑵

𝟐
   𝑾𝒌𝒏

𝑵  

For even values of 𝑘 (𝑘 = 2𝑟) and by exploiting recursion property:    𝑾𝟐𝒏𝒓
𝑵  =   𝑾𝒏𝒓

𝑵/𝟐, 𝑟 = 0,1, … N/2− 1

𝑿 𝟐𝒓 =
𝑵/𝟐−𝟏

𝒏=𝟎
𝒙 𝒏    + 𝒙 𝒏 +𝑵

𝟐
   𝑾𝒏𝒓

𝑵
𝟐
 
=
𝑵/𝟐−𝟏

𝒏=𝟎
𝒈 𝒏    𝑾𝒏𝒓

𝑵
𝟐
 
=𝑮(𝒌)

For odd values of 𝑘 (𝑘 = 2𝑟 + 1) and by exploiting recursion property:    𝑾(𝟐𝒓+𝟏)𝒏
𝑵  =   𝑾𝒏𝒓

𝑵/𝟐 𝑾𝒏
𝑵 , 𝑟 = 0,1, … N/2− 1

𝑿 𝟐𝒓 + 𝟏 =
𝑵/𝟐−𝟏

𝒏=𝟎
𝒙 𝒏   −𝒙 𝒏 + 𝑵

𝟐
   𝑾𝒏𝒓

𝑵/𝟐 𝑾𝒏
𝑵  =

𝑵/𝟐−𝟏

𝒏=𝟎
𝒉 𝒏    𝑾𝒏𝒓

𝑵
𝟐
 
=𝑯(𝒌)

𝑤ℎ𝑒𝑟𝑒 𝑔 𝑛 = 𝑥 𝑛    + 𝑥 𝑛 +𝑁
2

𝑤ℎ𝑒𝑟𝑒 ℎ 𝑛 = 𝑥 𝑛   −𝑥 𝑛 + 𝑁
2

 𝑊𝑛
𝑁 
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𝑔(𝑛) and ℎ(𝑛) can be recognized by the butterfly.

Butterfly of Radix-2 DIF FFT algorithm

Example Given a sequence x(n) for 0 ≤ n ≤ 3, where x(0) = 1, x(1) = 2, x(2) = 3, and x(3) = 4
a. Evaluate its DFT X(k) using the DIF FFT method. b. Determine the number of complex multiplications.
Solution:      𝑾𝟎

𝟒 = 𝒆−𝒋 
𝟐𝝅
𝟒

 ×𝟎 = 𝟏, and       𝑾𝟏
𝟒 = 𝒆−𝒋 

𝝅
𝟐 ×𝟏 = 𝒄𝒐𝒔 −𝝅

𝟐
+ 𝒋𝒔𝒊𝒏 −𝝅

𝟐
= −𝒋,

X(k)={10, -2+j2, -2, -2-j2}
 The complex multiplications isN/2 log2N=4/2 log24=4
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Example: Compute the 4-point FFT of the aperiodic sequence x[n]={1, 2, 3, 4}? Use DIT and DIF algorithms ?
Solution      𝑾𝟎

𝟒 = 𝒆−𝒋 
𝟐𝝅
𝟒

 ×𝟎 = 𝟏, and       𝑾𝟏
𝟒 = 𝒆−𝒋 

𝝅
𝟐 ×𝟏 = 𝒄𝒐𝒔 −𝝅

𝟐
+ 𝒋𝒔𝒊𝒏 −𝝅

𝟐
= −𝒋



Comparison of DIT and DIF:
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 Difference between DIT and DIF:
– In DIT, the input is bit–reversed while the output is in natural order. For DIF, the input is normal order, while

output is bit–reversed.
– Considering the butterfly diagram, in DIF, the complex multiplication takes place after the add–subtract

operation. Similarities:Both algorithm requires same number of operations to compute DFT.Both algorithms require bit–reversed at same place during computation.

DIT DIF



4 point DIT FFT structure
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4 point DIF FFT structure

8 point DIT FFT structure 8 point DIF FFT structure



FFT- Example – N=8
Example Compute the 8 point DFT of the sequence x(n)= [1, -1, 2, 0, 1, 3, 1, -1] using
1-Direct computation DFT
2- Linear Transformation
3- FFT- DIT algorithm
Solution:
(1) Direct computation DFT

𝑿 𝒌 =
𝑵−𝟏

𝒏=𝟎
𝒙 𝒏    𝑾𝒌𝒏

𝑵  

k = 0, 1, 2, 3...... N-1

𝑾𝑵 = 𝒆−𝒋 
𝟐𝝅
𝑵



FFT- Example – N=8
Example Compute the DFT of the sequence x(n)= [1, -1, 2, 0, 1, 3, 1, -1] using
Solution:
(2) Linear Transformation

𝑿 𝒌 =
𝑵−𝟏

𝒏=𝟎
𝒙 𝒏    𝑾𝒌𝒏

𝑵  

k = 0, 1, 2, 3...... N-1

𝑾𝑵 = 𝒆−𝒋 
𝟐𝝅
𝑵



FFT- Example – N=8
Example Compute the DFT of the sequence x(n)= [1, -1, 2, 0, 1, 3, 1, -1] using
Solution:
(3) FFT- DIT algorithm

𝑿 𝒌 =
𝑵−𝟏

𝒏=𝟎
𝒙 𝒏    𝑾𝒌𝒏

𝑵  

k = 0, 1, 2, 3...... N-1

𝑾𝑵 = 𝒆−𝒋 
𝟐𝝅
𝑵



Digital Filter Design
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• A filter is essentially a system or network that selectively changes the wave shape, amplitude and or phase-frequencycharacteristics of a signal in a desired manner.
• Common filtering objectives are to improve the quality of a signal …. (to remove or reduce noise), to extract informationfrom signals or to separate two or more signals previously combined to make, for example, efficient use of availablecommunication channel.
• A digital filter is a mathematical algorithm implemented in hardware and /or software that operate on a digital input signalto produce a digital output signal of achieving a filter objective. A simplified block diagram of a real time digital filter withanalogue input and output signals is shown in Figure below. So digital filter is a system that perform the mathematicaloperation in signal processing on a sampled signal to reduce or enhance certain aspects of that signal


